ON THE DISTRIBUTION OF THE LENGTH OF THE LONGEST
INCREASING SUBSEQUENCE OF RANDOM PERMUTATIONS

JINHO BAIK, PERCY DEIFT, AND KURT JOHANSSON

ABSTRACT. The authors consider the length, I, of the length of the longest
increasing subsequence of a random permutation of N numbers. The main
result in this paper is a proof that the distribution function for Iy, suitably
centered and scaled, converges to the Tracy-Widom distribution [TW1] of the
largest eigenvalue of a random GUE matrix. The authors also prove con-
vergence of moments. The proof is based on the steepest decent method for
Riemann-Hilbert problems, introduced by Deift and Zhou in 1993 [DZ1] in
the context of integrable systems. The applicability of the Riemann-Hilbert
technique depends, in turn, on the determinantal formula of Gessel [Ge] for
the Poissonization of the distribution function of Iy .

1. Introduction

Let Sy be the group of permutations of 1,2,...,N. If 7 € Sy, we say that
m(i1), - ,7(ix) is an increasing subsequence in 7 if 47 < iy < --- < 4} and w(i1) <
(i) < --- < mw(ig). Let In () be the length of the longest increasing subsequence.
For example, if N =5 and 7 is the permutation 5 1 3 2 4 (in one-line notation :

thus 7(1) = 5, w(2) = 1, ...), then the longest increasing subsequences are 1 2 4
and 1 3 4, and Iy(7) = 3. Equip Sy with uniform distribution,
fN,n

dn,N = Prob(ly <n) = N

where fn,n = #(permutations 7 in Sy with {5y < n). The goal of this paper is to
determine the asymptotics of g, as N — oco. This problem was raised by Ulam
in the early 60’s [Ul], and on the basis of Monte Carlo simulations, he conjectured
that the limit

N—oo

exists. (Here En () denotes the expectation value with respect to the distribution
function ¢, n.) The problem of proving the existence of this limit and the compu-
tation of ¢ has became known as “Ulam’s problem”. An argument of Erdés and
Szekeres [ES] shows that Ex (Ix) > v/ N — 1, so that if the limit exists, then ¢ > .
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Subsequent numerical work by Baer and Brock [BB] in late 60’s suggested that value
of ¢ is 2. The existence of the limit was rigorously established by Hammersley [Ha]
in 1972. In [LS], Logan and Shepp proved that ¢ > 2 and simultaneously Vershik
and Kerov [VK1] (see also [VK2]) showed that ¢ = 2, thus settling Ulam’s prob-
lem. Alternative proofs of Ulam’s problem are due to Aldous and Diaconis [AD],
Seppélainen [Sel] and Johansson [Jol]. Over the years, various conjectures have
been made concerning the variance Var(Iy) of Iy, and Monte Carlo simulations of
Odlyzko and Rains beginning in 1993, indicated that
(1.2) Jim_ ﬁwr(m) — ¢
for some numerical constant ¢ ~ 0.819. Also Odlyzko and Rains computed E(Ix)
to higher order and found

_ E(ln)-2VN
(13) e Y
where ¢; ~ —1.758. Further historical information on Ulam’s problem, together
with some discussions of the methods used by various authors, can be found in
[AD] and [OR]

Before stating our results, we need to define the Tracy-Widom distribution [TW1]
(see below). Let u(z) be the solution of the Painlevé II (PII) equation,
(1.4) Upey = 2u® +zu, and u~ —Ai(zr) as z — oo,

where Ai is the Airy function. The (global) existence and uniqueness of this solution
was first established in [HM] : the asymptotics as z — +oo are,

e—(4/3)2°/*

u(z) = —Ai(z) + O(T) as  — 0o,

u(m):—\/?<1+0($)) as x — —oo,

(see, for example, [HM], [IN], [DZ2]). Recall [AS] that Ai(z) ~
£ — 00. Define the Tracy-Widom distribution

(1.6) F(t) = exp (— /1t “ - t)u2(w)dm) .

From (1.5) and (1.6), F'(t) > 0, F(t) » 1 ast — +oo and F(t) = 0 as t = —o0, SO
that F' is indeed a distribution function. Our first result concerns the convergence
of Iy in distribution after appropriate centering and scaling.

(1.5)

e—(2/3)23/2

2y/mzl/4 as

Theorem 1.1. Let Sy be the group of all permutations of N numbers with uniform
distribution and let In(m) be the length of the longest increasing subsequence of
m € Sy. Let x be a random variable whose distribution function is F. Then, as
N — o0,

INn —2VN
XN = N]Vf/ﬁ — X in distribution,
i.e.
. _In—2VN
1\}1_1}(1)0 Prob(XN =N < t> =F(t) forallteR.
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In order to show that the moments of x x converge to the corresponding moments
of x we need estimates for the distribution function Fn(t) of xn for large |¢|.
From the large deviation formulas for I (see below), we expect that Fn (t) (resp.,
1 — Fn(t)) should go to zero rapidly as t = —oo (resp., t — +00). In fact, we will
prove that, for M > 0 sufficiently large, there are positive constants ¢ and C (M)
such that

(1.7) Fx(t) < C(M)e”
if —2N1/3 <t < —M, and
(1.8) 1— Fn(t) < C(M)e """

if M <t < N6 _2N'/3 Together with Theorem 1.1 these estimates yield
Theorem 1.2. For anym =1,2,3,---, we have

lim Ex(x%) = E(x™),

N—o0

where B(-) denotes expectation with respect to the distribution function F. In par-
ticular,

li VL(ZN)_ = 2dF(t) — = dF ’
(1.9 A NiE o — t (t) tdF'(t) | .
and

(1.10) Jim_ EN(Z’]VV#/N = [ tdF(t).

If one solves the Painlevé II equation (1.4) numerically (see, [TW1]), and then
computes the integrals on the RHS of the formulae of (1.9) and (1.10), one ob-
tains the values 0.8132 and -1.7711 which agree with ¢ and ¢; in (1.2) and (1.3)
respectively, up to two decimal places.

The distribution function F'(t) in Theorems 1.1 and 1.2 first arose in the work
of Tracy and Widom on the Gaussian Unitary Ensemble (GUE) of random matrix
theory. In this theory (see, e.g., [Me]), one considers N x N hermitian matrix
M = (M;;) with probability density

N N
Zte MO s = 7z e~ tr(M?) (H dMii) [] d(Repsj)d(Imdty;),
i=1 i=1

where Zy is the normalization constant. In [TW1], Tracy and Widom showed that
as the size of the hermitian matrices increases, the distribution of the (properly
centered and scaled) largest eigenvalue of a random GUE matrix converges pre-
cisely to F(t) ! In other words, properly centered and scaled, the length of the
longest increasing subsequence for a permutation 7 € Sy, behaves statistically for
large N like the largest eigenvalue of a random GUE matrix (see the Appendix
for an intuitive argument). In [TW1], the authors also computed the distribution
functions of the second, third, - - - largest eigenvalues of such random matrices, and
the question arises whether such distribution functions describe the statistics of
quantities identifiable in the random permutation context.

Recall the Robinson-Schensted correspondence (see, e.g., [Sa], and also Section
5.1.4 in [Kn]) which establishes a bijection © — (P(w),Q(w)) from Sy to pairs of
Young tableaux with shape(P(w)) =shape(Q(w)). Under this correspondence, the
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number of boxes in the first row of P(w) (equivalently Q(w)) is precisely Iy (),
(see, [Sa], [Kn]). In other words, the results on I can be rephrased as results on
the statistics of the number of boxes in the first row of Young tableaux. Monte
Carlo simulations of Odlyzko and Rains [OR] indicate that [y, the number of boxes
in the second row of P(w) (equivalently Q(w)) behaves statistically for large N,
like the second largest eigenvalue of a random GUE matrix. More precisely, their
simulations indicate that

_ Enx(iy) —2VN .
N T Nie oo
and
tim YUY _ o 5.

N —oo N1/3

These values agree, once again, to two decimal places with the mean and variance
of the suitably centered and scaled second largest eigenvalue of a GUE matrix, as
computed in [TW1]. Presumably, the number of boxes in the third row of P(w)
should behave statistically like the third largest eigenvalue of a GUE matrix as N —
00, etc. In recent work [BDJ], the authors have shown that this conjecture is indeed
true for the second row. Also, beautiful results of Okounkov [Ok], using arguments
from combinatorial topology, have now provided an elegant basis for understanding
the relationship between the statistics of Young tableaux and the eigenvalues of
random matrices. Over the last year, many other intriguing results have been
obtained on a variety of problems arising in mathematics and mathematical physics,
which are closely related to, or motivated by, the longest increasing subsequence
problem. We refer the reader to [TW2], [Bo], [Jo2, Jo3] and [BR].

As in [Jol], we consider the Poissonization ¢, () of gn, n,
o —AZN
(111) ¢n(/\) = %QH,N-
N=0

The function ¢,()) is a distribution function (in n) of a random variable L(\)
coming from a superadditive process introduced by Hammersley in [Ha], and used
by him to show that the limit (1.1) exists. The random variable L(}\) is defined
as follows. Consider a homogeneous rate one Poisson process in the plane and
let L()\) denote the maximum number of points in an up-right (increasing) path
through the points starting at (0,0) and ending at (v/A,v/A). For more details see
[AD] and [Se2], and for a generalization to the non-homogeneous case see [DeZel].
Theorem 1.1 and 1.2 hold for the random variable L(\) as A — oco. Referring to the
“de-Poissonization” Lemmas 8.2 and 8.3 below, we see that it is easy to recover the
asymptotics of ¢, v as N — oo from the knowledge of ¢,(A\) for A ~ N. In other
words, in order to compute the asymptotics of I, we must investigate the double
scaling limit of ¢,,(A) when A — oo and 1 < n < N ~ A, and this is the technical
thrust of the paper.

To this end we use the following representation for ¢, (A),

(1.12) dn(N) = e_’\Dn_l(eXp(2\/X cosh)),

where D,,_; denotes the n x n Toeplitz determinant with weight function f(e?) =
exp(2v/ X cos6) on the unit circle, (see, e.g.,[Sz1]). The above formula follows from
work of Gessel in [Ge] using well known results about Toeplitz determinants. As
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noted in [Jo1], the formula can also be proved using the following representation
for gn v, 1 <n < N, discovered by [OPWW],

22NN| n oON 7y 0, 12 aré
(1.13) GnN = N /_ ) (Z cos6;) H le?i — eifx] @m)rnl’
[—m,7] Jj=1

1<j<k<n

In addition, an earlier result of Diaconis and Shahshahani ([DS]) shows that the
above formula (1.13) is true also in the case n > N when g,y = 1. Inserting (1.13)
into (1.11), we obtain

(1.14) ¢n(N) = e -+ / exp@VAY costy) [[ I — e a,
[—m,m]" j=1

!
(27)mn! 1<j<h<n

which is precisely (1.12) by standard methods in the theory of Toeplitz determinants
(see, [Sz1]). An additional proof of (1.12) can be found in [GWW], and also an
alternative derivation of formula (1.13) is given in [Ra]. For the convenience of the
reader we provide (yet another) proof of (1.12) in the Appendix to this paper.

Using the integral representation (1.12), Johansson ([Jol]) proved the following
bound for ¢(A) : for any given € > 0, there exist C and ¢ > 0 such that

0< ¢n(A) <Ce % if (1+€e)n <2V,
(1.15) C
0<1-¢a(N) < — if (1—e)n > 2V

This information and the de-Poissonization Lemma 8.2 are enough to give a new
proof ([Jol]) that

(1.16) lim Ly/2VN =1.
N—oo

The first estimate in (1.15) is a consequence of the following lower tail large devia-
tion formula for ¢, (A),

(1.17) lim ~¢, () = —1+ 2z — S 2 g 2 = U(z)
‘ A500 A Pl = TTAT T8y =T
if x < 2. For the upper tail Seppéldinen in [Se2] used the interacting particle system

implicitly introduced by Hammersley in [Ha] to show that
1
(1.18) lim 7 log(1 — ¢,y (V) = —2z cosh™ (z/2) + 2V22 — 4 = —I(x)
—00

if x > 2. We note that Hammersley’s interacting particle system was also used ear-
lier by Aldous and Diaconis in [AD]. The super-additivity of the process described
above implies that we actually have, see [Se2] and also [Ki],

(1.19) 1= foan(M?) < e M1,

if M is a positive integer and x > 2. This estimate can be used to show (1.8),
but in this paper we will give an independent proof of (1.8). The large deviation
formula (1.18) implies, via a de-Poissonization argument, that for z > 2,

N—o0

(1.20) lim \/% log Prob(ly > :c\/N) = —I(x).
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For the lower tail the large deviation formula for Iy is not the same as for L()\),
the Poissonized case. Deuschel and Zeitouni in [DeZe2] use combinatorial and
variational ideas from Logan and Shepp [LS] to prove that

. 1
(1.21) A}l_l)n()oﬁlogProb(lN <zVN) = —H(z),
if 0 < 2 < 2, where
(1.22) He) = -2+ % f1og T — (1+ %) log(- 2 )
' ~ 278 T8y 4 ) 82

For the lower tail we have no analogue of (1.19). The rate functions U and H are
related via a Legendre transform, see [Se2]. The above results show clearly that
the distribution function for [ is sharply concentrated in the region {(2 —€)VN <
In < (2+€)V/N} for any € > 0, and they can be used to see heuristically that the
variance for Iy should be of order N'/3) see [Ki].

As is well known (see, [Sz1]) the Toeplitz determinant D,_; in (1.12) is inti-
mately connected with the polynomials p,(z;\) = k,(\)z™ + ---, which are or-
thonormal with respect to the weight f (e"‘g)g—ﬁ =exp(VA(z+271)) Z‘ZZ on the unit
circle,

" o7~ o g, dO
(1.23) / pn(ew)pm(e’a)f(ew)% =0pm forn,m >0.
The leading coefficient x2(\) can be expressed in terms of Toeplitz determinants,
Dy—1(V)
1.24 2()\) = 27/
(124) w0 = 3

where D,,(\) = D, (exp(2v/Acos#)). But by Szegd’s strong limit theorem ([Sz2])
for Toeplitz determinants, lim,_,o, D, ()\) = e, and hence

(1.25) log ¢ (N) = Z log k2 (N).
k=n

Therefore, if one can control the large k, A behavior of &3 () for all k£ > n, one will
control the large n, A behavior of ¢, (X).

The key point in our analysis is that x%(\) can be expressed in terms of the
following Riemann-Hilbert Problem (RHP) : Let ¥ be the unit circle oriented coun-
terclockwise. Let Y (z;k + 1, ) be the 2 x 2 matrix-valued function satisfying

Y(z;k+1,)\) isanalyticin C—X,

1 1 e\/X(z—i—z_l)
(1.26) Yi(z;k+1,0) =Y _(z;k+1,)) 0 2 ) on X,

Y(z;k+1,A)z k+Dos = T4 O(L) as 2 — oo,
where Y, and Y_ denote the limit from inside and outside of the circle respectively,
and o3 = (§ %), so that z—(k+1)os = (z_(g+1) o ). Here I is the 2 x 2 identity
matrix. This RHP has a unique solution (see (4.1) below), and the fact of the
matter is that

(1.27) Ki(A) = =Y, (0;k +1,0)
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where Y51(0;%,) is the (21)-entry of the solution Y at z = 0. In [DZ1] and
[DZ2], Deift and Zhou introduced a steepest descent type method to compute the
asymptotic behavior of RHP’s containing large oscillatory and/or exponentially
growing/decaying factors as in (1.26). This method was further extended in [DVZ1]
and eventually placed in a very general form by Deift, Zhou and Venakides in
[DVZ2], making possible the analysis of the limiting behavior of a large variety of
asymptotic problems in pure and applied mathematics (see, e.g., [DIZ]). As we will
see, the application of this method to (1.26) makes it possible to control the large
k, A behavior of k% (A). The calculation in this paper have many similarities to the
computations in [DKMVZ], where the authors use the steepest descent method to
obtain Plancherel-Rotach type asymptotics for polynomials orthogonal with respect
of varying weights, e NV(#)dz on the real line, and hence to prove universality for
a class of random matrix models. The Riemann-Hilbert formulation of the theory
of orthogonal polynomials on the line is due to Fokas, Its and Kitaev ([FIK]) : the
RHP (1.26) is an adaptation of the construction in [FIK] to the case of orthogonal
polynomial with respect to a weight on the unit circle.

This paper is arranged as follows. In Section 2, we discuss of some of the basic
theory of RHP’s and also provide some information on the RHP associated with
the PII equation. This information will be used in the construction of an approx-
imate solution, i.e. a parametriz, for the RHP (1.26) in subsequent sections. The
appearance of the PII equation in the limiting distribution F'(t) for xn originates
in this construction of the parametrix. A connection of ¢,(\) to Toda lattice and
the Painlevé III equation is presented in Section 3. Section 4 is the starting point
for the analysis of the RHP (1.26). In this section, (1.26) is transformed into an
equivalent RHP via a so-called g-function. The role of g-function, first introduced
in [DZ2], and then analyzed in full generality in [DVZ2], is to replace exponentially
growing terms in a RHP by oscillatory or exponentially decreasing terms. It turns
out that in the case of (1.26), as in [DKMVZ1], the g-function can be constructed
in terms of an associated equilibrium measure du(s) as follows,

(1.28) 9(z) = /Elog(z — 5)du(s).
The measure du is the unique minimizer of the following variational problem :
(1.29) EYV =inf{IV (1) : 11 is a probability measure on the unit circle £}

where

(1.30) // log |s — w| ™ dji(s)dpi(w /V )dp(s)

and V(s) = —vA(s+s~1). The variational problem (1.29) describes the equilibrium
configuration of electrons, say, confined to the unit circle with Coulomb interactions,
and acted on by an external field V. It turns out that the support of the equilibrium
measure depends critically on the quantity

2V

=1

We need to distinguish these two cases, v < 1 and v > 1. As noted by Gross and
Witten ([GW]), and also by Johansson ([Jol]), the point i‘_{; =1 corresponds to a
(third order) phase transition for a statistical system with partition function (1.14).

(1.31)
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The first case, when v = % < 1, is discussed in Section 5, and the second case,
when v = % > 1, is discussed in Section 6. The principal results of the above

two sections are summarized in Lemmas 5.1 and 6.3. We obtain full asymptotics
of k2(A) for n,A > 0 when n, A = oo. In Section 7, by summing up «%(\) for all
k > n, we obtain the asymptotics of ¢,(A) in Lemma 7.1. The relation between
¢n(N) and ¢, n (de-Poissonization) is discussed in Section 8. Finally, the proofs
of Theorem 1.1 and 1.2 are given in Section 9.

Notational remarks : The primary variables in this paper are n, N, and .
The letters C, ¢ denote general positive constants. Rather than introducing many
such constants Cy,Cs, -+ ,c¢1,c¢2,- -+, we always interpret C, ¢ in a general way. For
example, we write | f(z)| < 2C|g(z)|+e°|h(z)| < C(lg(z)|+|h(z)|), etc. We will also
use certain auxiliary positive parameters M, My, Ms, - -- , M. If a constant depends
on some of these parameters, we indicate this explicitly, for example, C(Ms, My).
In addition to the standard big O notation, we also use a notation Op;. Thus
f= O(#) means | f| < %, where C'is independent of M, My, ---. On the other
hand, f = OM(#) means |f] < %, where C'(M, My, ---) depends on at
least one of the parameters M, My, --.

In the estimates that follow we will often claim that an inequality is true “as
n — oo”. For example, in (7.3) below, we say that

|log ¢n(A)] < Cexp (—C(n +1)(1- ﬂ)3/2)a
n+1
as n — 00. This mean that there exists a number ng, say, which may depend on
all the other relevant constants in the problem, such that the inequality is true for
n > ng, etc. (For this particular inequality the only other parameter is Mj, but it
turns out that the constants C, ¢ can be chosen independent of My (see below).)

2. Riemann-Hilbert Theory

In this section, we first summarize some basic facts about RHP’s in general, and
then discuss the RHP for the PII equation in some detail. Basic references for
RHP’s are [CG], [GK], and the material on PII is taken from [DZ2].

Let X be an oriented curve in the plane (see, for example, Figure 1). By con-

>

FIiGURE 1

vention, the (+)-side (resp., (—)-side) of an arc in ¥ lies to the left (resp., right)
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as one traverses the arc in the direction of the orientation. Thus, corresponding to
Figure 1, we have Figure 2. Let o = X — {points of self-intersection} and v be a

FIGURE 2

smooth map from Xy — Gl(n,C), for some n. If ¥ is unbounded, we require that
v(z) = I as z - oo along ¥. The RHP (X,v) consists of the following (see, e.g.,
[CG]) : establish the existence and uniqueness of an n x n matrix valued function
Y (2) (the solution of the RHP (X, v)) such that

Y(2) is analytic C — X,
(2.1) Y, (2) =Y _ (2)v(z) z€ X,
Y(z) > 1 as z — 0o.

Here Y1 (2) = lim,/_,, Y (2') where 2’ € (£) —side of ¥. The precise sense in which
these boundary values are attained, and also the precise sense in which Y (z) — I
as z — 00, are technical matters that should be specified for any given RHP (Z, v).
In this paper, by a solution Y of a RHP (X, v), we always mean that

Y'(2) is analytic in C — ¥ and continuous up to the boundary
(including the points in ¥ — Xp) in each component.

The jump relation Y, (2) = Y_(2)v(2) is taken in the sense of
continuous boundary values, and Y (z) — I as z — oo means
1

Y(z)= I+O(|z|

) uniformly as z — oo in C — .
Given (X, v), the existence of Y under appropriate technical assumptions on ¥ and
v, is in general a subtle and difficult question. However, for the RHP (1.26), and
hence for all RHP’s obtained by deforming (1.26) (see, e.g., (4.9)), we will prove
the existence of Y directly by construction (see, Lemma 4.1) : uniqueness, as we
will see, is a simple matter.

The solution of a RHP (X,v) can be expressed in terms of the solution of an
associated singular integral equation on ¥ (see, (2.7), (2.8) below) as follows. Let
C+ be the Cauchy operators

(2:3) (Cef)e) = Jim [ LB 45

Z—z+ Iy s— 2z 27‘(1'7

z € 3,
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where 2’ — 21 denotes the non-tangential limit from the + side of X respectively.
A useful reference for Cauchy operators on curves which may have points of self-
intersection is [GK]. Under mild assumptions on X, which will always be satisfied
for the curves that arise in this paper, the non-tangential limits in (2.3) will exist
pointwise a.e. on ¥. Furthermore, if f € LP(X,|dz|), 1 < p < oo, then the bound-
ary values (appropriately interpreted at the points ¥ — X of self-intersection) of

s f(fz s are also taken in the sense of L? and ||C4 fllze(s,jaz)) < Cpllfllre(s,jdz))-

A simple calculation shows that

(2.4) Cy—-C_=1
Let
(2.5) v=b_"by =(I—w_ )Y +wy)

be any factorization of v. We assume b1, and hence w., are smooth on ¥y, and if
¥ is unbounded, we assume b1 (z) = I as z — oo along Y. Define the operator

(2.6) Culf) = Ci(fu) + C_(fuy).

By the above discussion, if wy. € L® (X, |dz|), then C,, is bounded from L?(%, |dz|) —
L?(%,|dz|). Suppose that the equation

(2.7) (1-Cy)u=1I on¥x
has a solution u € I + L?(X), Or more precisely, suppose u — I € L?(X) solves
(2.8) (1=Cu)(p—1)=Cypl =Cy(w_) +C(wy),

which is a well-defined equation in L?(X) provided that wy € L>® N L2(%,|dz]).
Then the solution of the RHP (2.1) is given by (see, [CG],[BC])

(2.9) Y(2) :I+/ M(S)(W+(S)+w7(8))d_§’ Lg%

) s—z 274

Indeed for a.e. z € ¥, from (2.7) and (2.4),

Yi(2) =1+ Ch(u(s)(wy(s) + w—(s)))
=1+ Cu(p) + (Cy — C-)(pwy)
= [t pwy
= m(2)b4(2),

and similarly Y_(2) = pu(2)b_(2), so that Y (2) = Y_(2)b_'(2)by(2) = Y_(2)v(2)
a.e. on Y. Under the appropriate regularity assumptions on ¥ and v, one then
shows that Y (z) solves the RHP (X,v) in the sense of (2.2).

As indicated, the above approach to the RHP goes through for any factorization
v= (I —w-)"'(I +w,). Different factorization may be used at different points in
the analysis of any given problem (see e.g. [DZ1]). However, in this paper we will
always take w_ = 0, so that v = (I + wy). Thus C,, always denotes the operator
C ({-1).

In this paper we will not develop the general theory for the solution of RHP’s,
giving conditions under which (2.7) has a (unique) solution, etc. Rather, for the
convenience of the reader who may not be familiar with Riemann-Hilbert theory,
we will use the above calculations and computations as a guide, and verify all the
steps directly as they arise.
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We now consider the RHP for the PII equation ([FN], [JMU] : see also [IN],
[FZ], [DZ2]). We will consider two equivalent versions of the RHP for PII. These
two RHP’s will be used in the later sections for the construction of parametrices
for the solution of (1.26).

Let ©PI1 denote the oriented contour consisting of 6 rays in Figure 3. Thus
TP = (§_ (2P = ¢ik=Um/3R, }, with associated jump matrix vF!f : SPIT
M5(C), where the monodromy data p,q and r are complex numbers satisfying the
relation

(2.10) p+q+r+pgr=0.

For z € R and z € P11 — {0}, set

(o3) (q2)

(29 o)

(o3) (1)

FIGURE 3. vFI and P

vfII(Z) — efi0pnastIIei9Pn<73

(211) = e—iOPIIGdG'S,UPII’
where

4 3
(2.12) Opir = % taz.

The contour “FI! consists precisely of the set Re(i4z%/3) = 0. This implies, in
particular, that vF1(z) — I ¢ L2(XFI). For example, as z — +oo along the real
axis, vE11(z) — I is oscillatory (on the other rays, XP/1 k =1,2,4,5, v (2) — T
could grow), and so we cannot expect that the RHP (ZF!f vPI) has a solution
in the sense of (2.2). However, if we rotate FI! in the clockwise direction by any
angle g, 0 < Oy < m/3, LI — BPIT = =0 PIT then it is easy to see that
ol (2) — T € L2 N L>(247), and we may expect that the RHP (£, v]''T) has
a solution in the sense of (2.2). Moreover, as v271(z) is analytic, it is clear that if

one can solve (S, v['1T) for some 0 < 6y < 7/3, then one can solve (Eg)”,vfn)

for any other 0 < 50 < m/3, and the solution of the go—problem can be obtained
from the 8g-problem by an analytic continuation, and vice versa. So suppose that
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for some fixed 0 < 6o < /3, and for z € R, m{,!!(z; ) is a (2 x 2 matrix) solution
of the RHP (S£11,vPH),

mglf(z)  analyticin = C -3,
(2.13) (mfﬂ”)+(z) = (mg'") _(2)vl " (2), 0#2zexyl,
mglt(z) -1 as 2z — oo,
in the sense of (2.2). Let m{"(z) denote the residue at oo of m{'(z), given by
PII
1
my(z2) =1 + m (@) +0(=3)
z 2
as z — 0o. Then
(2.14) u(z) = 2imf{£(x) = —2imf£{(m)
solves PII (see [FN], [JMU]),
Uz = 2u° + U, z € R,

where m{ 1 (z) (resp., m{ 5] (x)) denotes the (12)-entry (resp, (21)-entry) of m{ "' (z).
It is easy to see that m!I 7! (), and hence u(z) in (2.14), is independent of the choice
of 6y € (0,71'/3)

A solution of the RHP (811, v[T) for some 6o, hence for all 6y € (0,7/3), may

not exist for all p, ¢, r satisfying (2.10) and z € R. A sufficient condition (see [FZ])
for the RHP to have a unique solution (in the sense of (2.2)) for all z € R, is that

lg—pl<2 and relR
In this paper, we need the singular case
(2.15) p=—q=1 and r=0.

The latter condition 7 = 0 implies that there is no jump across the rays +e#(27/3—00)

(33)

FIGURE 4. p=—g=1,7 =0 case ; 25011,1 and vPI0H1
PII PII1 . : . .
and we may replace X * by ¥, """ as in Figure 4 (note that the orientations across

the rays e~ ¢i(27/3=00) haye been reversed). As noted in [DZ2], a unique solution
in the sense of (2.2) still exists in this singular case for all z € R : a proof of this
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fact is not given in [DZ2], but can be found in [DKMVZ3 ; nonregular case, Case
I1]. In addition, the solution has the property that

PIIL1 s .
my, " (z;z) and its inverse are uniformly bounded

(2.16)
for (z,2) € (C— %5/ x [-M, M],
for any fixed M > 0. As mfﬂ”’l(z; z) solves (2.13) in the sense of (2.2), we see in
particular that (2.16) holds up to the boundary in each sector.
The asymptotics of u(z) = 2imi gl(x) given in (1.5), is computed in [DZ2] via
the above RHP and from the proof in [DZ2], one learns that

PII1 e~ (/3
217) my 5y (z) = O(T> as x — 00,
mig’l(x) ~ %xz as z — —o0o,
where mj 55" denotes the (22)-entry of m{’!!. Also, using the methods in [DZ2],

for example, one obtains the relation
d_. prI
(2.18) %szl’n’l(x) =u?(2).

and verifies directly that 2imi 1 (2) is real-valued.

FIGURE 5. P12 gpd P12

For the first of the two equivalent RHP’s advertised above, we consider Figure 5,
PII1

which consists of the real axis (the dotted line), Y, for some fixed, small 6o >
0 (the dashed lines), and a contour 12 consisting of a pair of curved solid
lines. The contour ©F11:2 is of the general shape indicated in the Figure, with
one component in C; and one component in C_, and we require that X2 is
asymptotic to straight lines lying strictly within the region {|argz| < 7/3}U{27/3 <
argz < 4m/3}. Together with the line {ze~% : z € R}, these contours divide the
complex plane into 4 open regions, 9511’2, k=1,2,3,4, as shown in Figure 5. Let
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vFPH1:2 be the jump matrix on P72 which is given by (19) in C4 and by (§ 1)
in C_. We define

,_.

. PII2 PIT 1
in Q377 °NQ "

\_/

7

in ,

mPIL2 — mé’II,le—i(Gpu)adoa (% (1)) in an’2 n 9511,1,
PII2 __ PII,1 __i(0 ados (10 PII,2 PII1
2 =my e (0prr) 3(11) 1n Q2 7091 A
PII2 — mPII,le—z'(Opu)adag(l —1
0 0
(1
0

PII2 PII1
QP12 o P17,

,_.I,_.
~—

m
m 0

mPIT2 — mg’IIale—'i(OPII)ada'g
m

9
PII1 :
P2 = my " otherwise,

where the regions QkPH’l,k =1,2,3,4 are defined in Figure 4. A straightforward

calculation with the jump relations for mfo L1 shows that mP772 solves the new
RHP
mPTh2  is analytic in C — 2PI12,
(2.19) mi”’Q =mPTh2yPIL2 o gPIT2
mPI2 5T as z— o0,
where vI11:2 = g=i0pir)adosyPIL2 and P12 ig given in Figure 5. This deformed

RHP is clearly equivalent to the original RHP for mPH ! in the sense that a solution

of the one RHP yields a solution of the other RHP “and vice versa. Also we have

(2.20) (mg, ") =my

)
for the residues of mgon’l (resp, mPT12) at co. From (2.16), we see that for any

fixed M > 0,

(2.21) m¥PH2(z; z)  and its inverse are uniformly bounded

for (z,z) € (C—XP12) x [-M, M).

A particular choice of contour ¥4 will be made in Section 5 (see below).

PI3
3

FIGURE 6. P13

The second of the equivalent RHP’s is restricted to the case z < 0, and we
consider Figure 6, which consists of the real axis (the dotted line), EPH’I for some

fixed small §p > 0 (the dashed lines) and a contour P73 = % _, EP % consisting
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of 5 straight lines, one finite and four infinite. The regions QkPH’S, 1<k <4, are
the components of C — 113,

The infinite lines make an angle strictly between 0 and 7/3 with the real axis.
Set
(2.22) g7 (2) =

4 3/2
3 %)

(2 +2

which is defined to be analytic in C — [—/=Z, /=], and behaves like 32° + zz +
5 + 0(%) = 0p11(2) + O(2) as z — co. Therefore for any M > 0,
(2.23)

9" (2)=bp11(2)  ig hounded for (2,2) € (C— [_”—7:17,”—73:]) x [-M, 0]

and
(2.24) eie" (R 0p1() 51 a5z 00 uniformly for —M <z < 0.
We define mP11:3 by

PIIl

—i(0prr)ados _l]ei(gPII(z)—Op”(z))a3 in Qf11,3 n (9511,1 U 9511,1)

[e ?)
?)]ei(gpll(z)—oij(Z))03 in 9511’3 mS-ZIPII,I
-1

PII 1 [e—t(apn)adds

7

my ’

_1]ei(gpﬂ(z)70p”(z))a3 in 0511,309511,1’

)
) 1
1) el’(g (z) Oprr (Z))03 ]'n Ql 11,3 m (Ql 11,1 QPIl,l),

PII 1 [efz(epjl)ada's
0

PII1 .
L otherwise.

(1

PIIl — (%
[e z(9p11)ad173((1)

(5

Then from the jump relations for mfou’l, we see that m¥{3 solves the new RHP

(P13 o PIL3) in the sense of (2.2),

PII3 $PIL3
bl

m is analyticin C —

(225) PII,3 PII,3 PII,3

PIIL3
my =m_"""v,'° on X0

mPI3 5T as z— oo,

where v11:3

is given by
([ 1 o0
PII,3 PII3
o on X U ¥,
eZZgPII 1 1 5 2o
PII

(2.26) o3 g PIs

N

on

_2191311 1

1 0

PIL3
on Xy .

\

Also we have

. 9

iz
(2.27) mf” _ mf“3 ( - )03,

for the respective residues of mPH Y and mPT13 at co. Finally, from (2.16) and (2.23),
we see that, for any fixed M € R

mP11,3(

for (z,z) € (C—XPT3) x [-M,0].

z;x) and its inverse are uniformly bounded
(2.28)
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3. Connection to the Toda Lattice and the Painlevé ITI Equation

In this Section, we discuss the connection of the RHP (1.26) for 7 and the
RHP for the Toda lattice and the Painlevé III equation. In the RH context, the
connection results from the specific form of the weight, eYAE+271) | Connections can
also be seen from the Toeplitz determinant/orthogonal polynomial point of view as
in [PS], [Hi] and [Wi]. The purpose of this short Section is purely to establish the
various connection, but we do not use the results in the sequel.

Write ¢ = k + 1 in (1.26). We define

_ —q Vxz—1
0-1) Yz < 0,)(_00) o> 1,

0 z%e
(3.1) m"(zq) =
0—1 )y (s eV o
10 (27‘I) 0 e—VAz |z| <L

A simple calculation shows that mT% solves the following RHP,

mTE(z) isanalyticin C— %,

TL TL 0 —z~%e™VA =)
(3.2) mi*(z) =ml*(z) JagV/A(z—) 1

mTL(z) =1 as z— oo.

Once again, the RHP for Y is equivalent to the RHP for m””% in the sense that a
solution of one problem yields a solution of the other problem.
Recall that the RHP related to the Toda Lattice problem, for —oco < m < 00,

_dam = Q(bgn - b%nfl)
dt
(3.3)
dbm _ (@mtt — am)
dt — Um\Um+1 m ),

under initial data decaying at infinity is the following (see,e.g.,[Ka]). Suppose that
there are no solitons and denote the reflection coefficient by r(z), z € £. Then we
find Q(z) such that

Q(2) is analyticin C— X
1 |r(z)]? —7(2)22me =27
(3-4) Q+(2) = Q-(2) <r(z)z—2m6t<z—z‘1> )

Q(z)>1 as z — oo.

When gq is even, if we set VA =t and ¢ = —2m in (3.2), then the RHP is identical
with the above RHP with r(z) = 1.
For the connection to the Painlevé III equation, define

_ DT o] <,
(3.5) m"H (z) = {mTL ) 2> 1
Note in (3.2),
(3.6)

0 1A=z VR (y 1 g 11\
_1)\¢ {1\ ,— 5 (2—27")ados ,—2Lados
=) (qu\/x(zz_l) 1 =D 27 (—1 0)



LONGEST INCREASING SUBSEQUENCE 17

where 27 is analytic in C— (—oo,0] and real-valued for real z. If we set VA = —iz,
then this is the same RHP for the particular Painlevé III equation (see [FMZ] for
results and notations)

uZE -

e &

(—4qu® +4(1 — q)) + 4u® + _74

|
8| =
e
8
_|_
8| =

with monodromy data

9002—90:(1,
aozbozaoo:boozo,
E=(14%).

In the RHP (1.26), we are interested directly in the quantity —Y21(0;k + 1, ),
or by (3.1), mXL(0;q). On the other hand, for the Toda lattice and the PIII
equation, one is interested in quantities other than m?;"(0;¢) which are related to
the respective RHP’s. For example, the solution u(z) of PIII equation is given by
u(z) = —iz(mIT) 5 where mPHI =T + @ + O(2), which is clearly different
from (—1)9mET1(0; q). However, the importance of the connection of (1.26) to the
RHP’s for Toda lattice and the PIII equation lies precisely in the fact that (am,, bm)
(resp., u(z)) solve differential-difference (resp., differential) equations which in turn
imply that the coefficients of the generating function ¢,()\), 2V/A = —iz, must
satisfy a certain class of identities. We plan to investigate these relations in a later
publication.

Finally, note that for PIII, the interesting asymptotic question is to evaluate the
limit £ = iv/A = oo, with ¢ fixed. In this paper, as in the Toda lattice, we are

interested in the double limit when A — oo and ¢ is allowed to vary (note that in

[Ka], the singular case r(z) = 1 is not considered). When A — oo, % ~ 1, we

are in a region where the solution of PIII equation degenerates to a solution of PII

equation, and this explains the appearance of PII in the parametrix for the solution
of Y of the RHP (1.26).

4. Equilibrium Measure and g-function

In this Section, the equilibrium measure is explicitly calculated for each v > 0
(Lemma 4.3) and, using this equilibrium measure, the g-function (4.8) is introduced
in order to convert the RHP (1.26) into a RHP which is normalized to be I at co.

Let ¥ denote the unit circle oriented counterclockwise and f(e¥) = f(z) be a
non-negative, periodic, smooth function on X. Let p,(2) = k42?7 + --- be the ¢-

th normalized orthogonal polynomial with respect to the weight f(e?)2£ on the

unit circle. Define the polynomial pj(z) = 29p,(1/z) = 29p,(1/z) (see [Sz1]). We
consider the following RHP : Let Y (z) be the 2 x 2 matrix-valued function satisfying

Y(z) is analyticin C - X,

0 1
YV(z2)z=k+Dos =T+ O(L) as 2z — 0.

(4.1) Vi)=Y () [} Wf(z)) on 3,

The following Lemma is the starting point of our calculations.
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Lemma 4.1. (¢f. [FIK], [DKMVZ1]) The RHP (4.1) has a unique solution

_ d
Y(z) = <5k1+1pk+1(z) nk1+1 fE m%liwgi(;)kf1)

—mkpi(s) ey B
Proof. Existence : Using the property of Cauchy operator C; — C_ = I, where
Ch(z) = [s Z(_Sz) ds, it is a straightforward calculation to show that the above ex-
pression for Y satisfies the jump condition. The asymptotics at oo codes in precisely
the fact that the pjs are the normalized orthogonal polynomials for the weight
f(ei?)de.
Uniqueness : Suppose that there is another solution ¥ of RHP. Noting

det ((13 #ﬂf(z) ) = 1, we have that det Yis entire, and — 1 as z = 00. Therefore

by Liouville’s theorem, detY = 1. In particular, Y is invertible. Now set Z =
YY~!l. Then it has no jump on ¥ hence is entire. Also, Z — I as z — 0o, and
therefore Z = 1. O
From this Lemma, we have

(4.2) K = —Ya1(0)

Therefore the RHP (1.26) has a unique solution and (1.27) is verified.

Again set ¢ = k+ 1 and
A
.

We are interested in the case when ¢ and 2v/X are of the same order , or more
precisely, v — 1. In this Section, and also in Sections 5 and 6, we consider the
RHP (1.26) with parameter v and g,

(4.3) v

Y(z;q) analyticin C-— X,

0 1
Y(z;q) = (I4+0(2))z%% as 2z — oo,
rather than A and ¢. With « fixed, the RHP (4.4) is of the Plancherel-Rotach
type with warying exponential weight e% (27" on the unit circle (see [Szl],
[DKMVZ1)). Similar problem on the real line is analyzed in [DKMVZ1] with-

out double scaling limit (v is kept fixed). Our goal is to find the large ¢ behavior
of Y51(0; q) for all v > 0.

1 Le%(z—l—z_l)
(4.4) Yi(z39) =Y_(259) = on 3,

FIGURE 7. branch cut of log(z — e*)
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Let du(s) be a probability measure on the unit circle. Define
(4.5 ()= [ 1oa(z = (e

where for each 6, the branch is chosen such that log(z — e%) is analytic in C —
(—oo,—1J U {ei* : —7 < t < 6} (see Figure 7) and log(z — €¥) ~ logz for real
z = 00. The following Lemma is based on related calculations in [DKM].

Lemma 4.2. Suppose du(z) = u(0)dl is an absolutely continuous probability mea-
sure on the unit circle and u(0) = u(—0). Then g(z) has the following properties

1. g is analytic in C — £ U (—o0, —1).

2. On (—o00,-1),94+(2) — g-(2) = 2mi.

3. 9(2) =logz + O(%) as 2 = 0.

4. e19) s analytic in C — 2.

5. e19(2) = 29(1 + O(1)) as 2 = oo.

6. g(0) = i.

7. 9+(2) +9-(2) =2 [7 log|z — s|du(s) +i(¢ +m) on z € T where ¢ = arg(z).
8. g9.(2) —g_(2) = 2mi f; du(s) on 2€ X.

Proof. (i)-(v) are trivial. For (vi),

g(0) = /7r log (0 — e?)u(8)do = /7r i(0 + m)u(0)db = mi

- -7

using the evenness of u(6).
For (vii), fix z = € € ¥. Then arg(z — e*?) is analytic if —7 < § < ¢ and

T . ) . T )
g1(x) = [ loglz — e¥|du(z) +i / arg(z — ¢”)du(z) +i / args (z — ) dp(z),
- -7 ]

™

g—(2) = /7r log |z — € |du(z) +i/¢ arg(z — e?)du(z) + z/ arg_(z — e%)du(z).

— -7 ¢

Note that for ¢ < 0 <,
argy (e’ — e¥) —arg_ (e’ — e'%) = 2r.

This yields

0+(:)h9-(2) =2 [ ogla=clduz)+2i [

—T -

K ™ ™

arg+(ei¢—ei9)du(z)—i/ 2wdp(z).
¢

Set

[} w w
F(g) =2 / arg(e — e)du(z) +2 /¢ argy (€ — e)du(z) — 2 /¢ dp(z) — ¢

-7

If we show F(¢) =, then (vii) is proved. Note that (a) arg(e®® — e'?-) = ¢+ I,
(b) a7"g.+(e"‘f5 —eit+) = ¢+ 37”baund (c) %arg(ei‘f’ — €)= 1. This gives us F'(¢) =
2arg(e’?—ei?- )u(p)—2arg, (€'? —e'?+)u(p)+2mu(¢p) = 0. But F(r) = n. Therefore

F(g)=m
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For (viii),

04(d) —g_(2) = i /¢ larg (€ — ) — arg_ (e — ¢*)du(z)

—i /¢ mdp(z).

Let M be the set of probability measures on X. The equilibrium measure duy (2)

for potential V(z) = —%(z 4+ 27') on the unit circle is defined by the following
minimization problem,
(4.6) inf // log |z — w| " *du(z)du(w / V(z)du(z

LEM J ) $x%

The infimum is achieved uniquely (see, e.g. [ST]) at the equilibrium measure. Let J
denote the support of duy. The equilibrium measure and its support are uniquely
determined by the following Euler-Lagrange variational conditions :

there exits a real constant [ such that,
2/ log |z — s|duy (s) =V (2) +1 =0 for z € J,
(4.7 -
2/ log |z — s|lduy (s) = V(2) +1 <0 for z € % — J.
b>

In Lemma 4.3 below, we find duy, its support and [ explicitly from this variational
condition with the aid of Lemma 4.2. Let

(49 92) = 9v () = [ 1og(z = )y o

where duy is the equilibrium measure. Following [DKMVZ1], we define
m(z) = e%l”Y(z)e_qg(z)”e_%l”.

Then m() solves the following new RHP,
m(z)  is analyticin C— X,

(4.9) m(+1) (z) =mP 2)® on 3,
m(z) =T+0(L) as z— o0

9(9-—9+) L oq(g++9-—V+I)
where v(1) = (e et ) and

0 e(9+—9-)

(4.10) K2_y = —Ya1(0;q) = —miY (0)ee9® = —(~1)m) (0)e?,

from Lemma 4.2 (vi).
Once again we note that this RHP for m() is equivalent to the RHP for Y in
the sense that a solution of one RHP yields a solution of the other RHP, and vice
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versa. Using Lemma 4.2, the jump matrix v(!) is given by

(inside the support of duy,

e 2ami J7 duv(6) (—l)q
0 e2ami Jo duv(0) | -

outside the support of duy,
e 2ami [ duv (9) (—1)%7 [2 JZ . log \z—ei9|duv(9)—V(Z)+l]
0 e2q7l'i f; duv (0) )

411) ¢

As indicated in the Introduction, the purpose of the g-function is to turn exponen-
tially growing terms in the jump matrix for the RHP, into oscillatory or exponen-
tially decaying terms : this can be seen explicitly in (4.11), using (4.7).

We have explicit formulae for the equilibrium measure and [. For 0 < v < 1, the
equilibrium measure has the whole circle as its support but for v > 1, a gap opens
up. See, also [GW] and [Jol].

Notation : xp(#) denotes the indicator function of the set B C X.

Lemma 4.3. For the weight V(z) = —%(z + 271), the equilibrium measure and
are given as follows :

1. If 0 <y <1, then

1
(4.12) duy (0) = %(1 + ycos6)db
and ! = 0.
2. If y > 1, then
0, |1 . 9,0
(4.13) dav (8) = L cos(5)y [ = — sin®(5)x—g. 0.1(6)d8
m 27\ v 2
and
(4.14) l=—y+logy+1,

where sin’ 92—C = %,0 < 0. < mw. In this case, the inequality in the variational

condition (4.7) is strict.

Proof. (i) First, it is easy to check that duy () defined above in (4.12) is a positive
probability measure. We set

b 1

9(z) = / log(z — 6'9)2—(1 + v cos#)db.
o s

Then

§() = g [ 50+ s )T

2 z—s ]
Using a residue calculation with g(z) = logz + O(%) as z — oo and g(0) =
L [" loge!®+™ (1 4 v cos)df = i, we have

o

(4.15) o(z) = 41087~ 3 21> 12 ¢ (—o0, 1),
—2z4m |zl <1

Therefore we have

9+(2) + g—(2) =logz — g(z + 271 + .
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From Lemma 4.2 (vii), we have

K . 1
2/ 10g|z—e’0|2—(1+7c056)d0+g(z+z*1):0
T

-

for any z = €'® with [ = 0 as logz = i.
(ii) It is straightforward to check that the above measure (4.13) is a positive
probability measure. For g(z) defined in as before, we have

[4
¢ 1 Y 0 1 . 20
q'(2) =/9c z_ew;cos(i)”; — sin §d0
0
Y e 1 s+1 -
i), s 8 /(s =&(s —&)ds

where ¢ = e’ and the branch is chosen to be analytic in C — {e? : §, < 0] < 7}
and /(s — &)(s — €) > 0 for real s >> 0. From a residue calculation, we obtain

§@) =5~ 10-22+ 10 -6z - ).

Integrating, we have for |z| > 1, z ¢ (—o0,—1),

1 Y P T TR R |
=1 —_ — L
g(2) 51082 4(z+z )+2+ 1),

(5= E)s— Do +9-(1)

and for |2| < 1, z ¢ (—1,0],

1 gl N AR
=1 —_ = — -
g(2) 5 logz 4(z+z )+2+ i),

(5 -85~ + 4,1

where gy, g— denote the limit from inside and outside each and 1,9, 1_¢ denote
the outside and inside limits.
(a) For |¢| < ¥,

94(2) +9-(2) =logz = 2z + 7)) + 7+ 9+ (1) +9-(1)

From Lemma 4.2 (vii), we obtain

O 01 0 /1 0
g+(1)+g,(1)=2/ log |1 — e?| L cos —4 [ = — sin? —df +i(0 + =)
—0, T 2\ v 2
4y [P /1
= %/0 log(2|sing|)c0sg 5 — sin® gd0+m'

8 [32
=2log2 —logy+ — / log(sin 8) cos? 8d6 + i
T Jo

4 (2
=2log2—logy—1+ = / log(sin 6)df + i,
0
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after simple change of variables and integration by parts. But we have fo% log(sin §)df =
—Z log2 from

2/2 log(sin 6)df = /2 10g(sint9)dt9+/2 log(cos 6)df
0

0 0

21
:/ log(isin%)d@

0

™

=3 log2 + /4 log(sin 26)d6 +/2 log(sin 26)d6
0 5

™

=3 log2 + /2 log(sin 6)df.
0

Therefore
g+ (2) +9_(2) =logz — %(z +27Y) 4y —logy — 14 7.
From Lemma 4.2 (vii), we obtain the desired result for |¢| < 6., z = €%,
2/7r log |z — € |duy (8) + %(z +2z7 1Y) —y+logy+1=0.
(b) for . < ¢ <7 (—7 < ¢ < —B. case is similar),

94(2) +9-(2) =logz = 2z +27") + g4(1) + g-(1)

+%/:8;1\/(s—§)(s—f)ds.

But

¢ ¢
¥ 3+1¢_f__f7 __1/ 0 |.20 1
5 /9 =V (5= 85— &ds = —3 L %31/5 5 ~d9 <.

Therefore, using Lemma 4.2 (vii) and calculations in (a), we obtain for |§| > 6.,

2/ log |z — € |duy (8) + %(z+z‘1) —v+logy+1<0.

-7

O

In the following Sections, we distinguish the two cases, vy <1 and v > 1, due to
the difference of the supports of their equilibrium measures.

5. 0<y<1

From (4.15), we have the explicit formula for the g-function :

g9(2) = {logz -5 [2[>1,2¢ (—00,—-1)

—3z+m |z <1
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With this g, | = 0 from Lemma 4.3 (i), and our RHP (4.9), or equivalently (4.11),
becomes
m® analytic in C— X,
-1
1) _ v [(F1)1teFEE (-1)?
(51 m+ 0 (=1)1z 973" (=27 on %,
m =T+0(%) as z— o0

and £2_, = —(—1)%m$})(0) from (4.10).
We define m? in terms of m() as follows :

for even q,
{m(2) =m) |z| > 1,
m® =m0 -1 2| < 1.
. ¢3)  H
for odd g,
m® = (§ % )mM(§ %) |2 > 1
m® = (5 %)mW (5 3) <1

Then we have a new equivalent RHP

5.3 m? =m®v@ on ¥,
(5:3) (2):I+O(;) as 2z — 00

1 —(=1)72%% =27 2
where v = <(_1)qzqe—Tﬂ(zz—1) 1) 0 ) and ”3 1= mgz)( 0).

FicUure 8. Y3 and Q®)

Introduce ) = %0)(y) = Egz) U S8), (see Figure 8) as follows. For fixed
/2 <0 <,

(5.4)  F(p) = F(p,0) = Re( (z—2z7") +logz) = =(p—p~")cosf +log p,

N2
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where z = pei?, 0 < p < 1, has the minimum at

1—+/1—-92cos?26
5.5 =pp =
(5.5) P = po —cos

and F(pg) < 0. ( Note that pg < 0 for || < /2. ) For § <~ <1, we take

23 = {ppe : 3w/4 < 1] < 7} U {pansac® : 6] < 3m/4},

(5.6) , .
S0 = {pg e’ : 3r/4 < |0] < 7} U {py, 4e” - |6] < 3r/4}.

Orient £ as in Figure 8. And finally, for 0 <y < 1, set £C) () = 5G)(1).
Of course, X varies with € [0,1]. However, using estimates from [GK], it

is not difficult to show that the Cauchy operators Cy on L?(2()) are uniformly
bounded,

(5.7) ||Ci||L2(E(3))—>L2(E(3)) <C<x
for all 0 < v < 1. Observe also that in the limit v — 1, £(® takes the form of the

cross
(5.8) y==xlz+1| for z= =z + iy near —1.

Apart from the neighborhood of z = —1, there is considerable freedom in the
choice of ©(3). For example, 37/4 could be replaced by any angle between 7/2 and
m. Also the form of the contour for || < 37/4 is not critical, as long as it has the
general shape drawn in Figure 8 : all that we really need is that the jump matrix
v(®) below has the property sup;,cs).| arg(z)|<3r/4) [0 — I| = 0 exponentially as
q — 0.

Using the factorization

1 0\ (1 —(=1)722eF G-I\ _ (2),_1,2)
v® = ((_1)qz—qe_T‘”(z—z_1) 1) (0 =D 1 = (02) 1b—i— >

we define
m®) = m® (bf))*1 in 953),
m® =m® (b(_z))*1 in Q?),

m® =m® i P o

Then m®) solves the RHP (£(3),v(3)) where

(- G (=21

m

0 1
(5.9) ) /
(3) — (3)
R 1) on Pout
and
5.10 K2, =m$)(0).
q 22

As g = o0, v®)(2) = I. Set £ = %), The RHP

(5.11) T =M=t o=
m>®=I+0(3) as z—0o0
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has, of course, the unique solution, m*(z) = I.

Let 0 <y <1—6; for some 0 < §; < 1. From the choice of (),

”,U(3) _ I||Lco(g(s)) — sup |6F(pe,9)| < sup |6F(Pn,9)|

37 /4<60<57/4 37 /4<6<57/4

(5.12) 2
< eflomm = 4(V/1=77+1og 1_\/%?).

But, for 0 < v < 1, a straightforward estimate shows that

22
(5.13) VvV1—72+4+1og(l —/1—~2)—logy < —T\/_(l — )32

so that

3/2
s

(5.14) lw®|loo = [[v®) = I||oo < e~ 750 as ¢q— oo.

Since ||Cype |2 12 < C||w®||oo, for some constant C' independent of 7 (see (5.7)),
(I = Cys)~" is invertible for large ¢ and the solution for the RHP (£(),v(3)) is
given by (see (2.9))

z¢ 20,

(5.15) m(3)(z) — I+/ (= Cw(s))flf)(s)(v@) (s) _I)ﬁ

£(3) §—2z 2mi’

and (see (5.10))

(5.16) K2, =mD0) =1+ ( /E . (( = Cyp2)™HD)(5) (v (s) = I) ds >22‘

s 211

Now from the fact that the length of X3 is uniformly bounded and dist(0, %) >
¢ > 0 for all v € [0, 1], we obtain,

(5.17) 62_y = 1] < Cllo® = Il < Ce 5010,

The above calculation also applies to the case when v — 1 slowly. Indeed,
suppose % <yv<1- MW, where M7 > 0 is a fixed, sufficiently large number.

(The lower bound } is chosen for convenience. Any fixed number between 0 and 1
would work.) From (5.13), (5.14), for some constant C' which is independent of ~,

V2 V2 ar3/2
(5.18) ICu® |12 sre < Ce™2¥ra(t=7)"* M

if My is sufficiently large. For convenience, we only consider M; > 1. From (5.15),

e [ =G e,
271, $(3) s — 2
=I+ i w® (s) + [(I = Cpe) ' Cop I](8)w® (s) .
21 »(3) s — 2

and, as diag(w®) =0,

1 d
(5.19) K, = my (0) = 1+ (2—m/ (I = Cp»)) ™' Cppinn I (8)w™® (3)—8)22-
=)

S
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Hence, we have

w® (s)
2718

lk2_1 = 1] < | = Cyp) " Cop Il 2|l >

w® (s)

<IT = Cypo) Mz r2llCrp Il 2|l 9ris

< Cllw®2,
< Cllw®|| oo |w®]| £

o
< Ce—¥f1(1—7)3/2||w(3)||p,

|2
(5.20)

where the (final) constant C is independent of v,q and M; (sufficiently large),
provided that 0 <y <1 - T,ﬁ’fﬁ.

Since the length of ) is bounded, we have |Jw®||;: < Ce=2$240=7""  which
is the same estimation (5.17) as in the case v < 1 — §;. But for future calculations
(see (7.2) below), we need a sharper result. We estimate ||w(® ||z as follows : Focus

)3/2

on ngb). For zfj}t, similar computations apply. Only the 12-component of w(® is

non-zero. Set § = ﬁ logq.
[ 1215l = )+ @)

where (1) is an integration over || < = — § and (2) covers the remainder. Note
from (5.8) that |dz| < Cdf. Substituting pg (5.5) into F(p,6) (5.4), we obtain on
»(3)

in >’
(521) |qu%(zfz_1) | < eq(\/l—fy2 cos? +log(1—4/1—~2 cos? §) —log(—r cos 0)) )
(3)

in ?

Setting, v = —~vcosf in (5.13), we obtain for z € &

(5.22) |zqe%(z—z—1)| <e” 2Y24 (1 4y cos 0) 3/ < o—Ca(r—16)°

Hence, adjusting the constants C' if necessary, we have

(1) < Ce 90 < ql%
" (2) < c/ge—cflwde < C/logq emor 4 O
— Jo — Jo g3 = g3
Therefore,
(5.23) lw®lles < g
and we obtain
(5.24) 62_, —1| < q%e*¥q<1*ﬂ“.

Let My > 0 be a fixed number and consider 1 — 21/;’[% < ~ < 1. For this
case, as ¢ — o0, v — 1 and py—, — 1. We need to devote special attention to the
neighborhood of z = —1, where we will introduce a parametrix for the RHP, which
is related to the special solution of the Painlevé II (PII) equation (1.4) given in
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Section 2. For a discussion of parametrices in RHP’s, see e.g. [DZ2], [DKMVZ1].
Set vy =1— W. The region above corresponds to 0 < ¢t < My. Let O be a
small neighborhood of size € around z = —1, where € > 0 is a fixed number which
is small enough so that first,

(5.25) the map u defined below is a bijection from O,
and second,
(5.26) the inequality (5.32) below is satisfied.

The goal is to solve the RHP for m(®) explicitly in this small region.
Let u = (2 — z7') in O. As noted above, we choose and fix € > 0 sufficiently

o\ q]J3

FIGURE 9

small (in fact, any number 0 < € < 1 would do.) so that z — u(z) is a bijection
from O onto some open neighborhood of 0 in the wu-plane : under the bijection,
¥ N O becomes a part of the imaginary axis. Set

¢'Pu(z) _ ¢ 1

_ _ Lo

A& = " = it )
Note that with e fixed, there are constants ¢y, ce > 0 such that
(5.27) a1q'? <\2)| < e2q'/?,

for all z € 00. Under the map z — A(z), £ N O now becomes part of the real axis
and
2/3
Lm(1— %) + a2
8/3~2 72
1 2 qu}'az

(5.28) AECNO)={z+iy:y® = || < g3},

where c is a fixed small number. As gz%(l - =L(1- W), 0<t< M,

we see that the contour A\(£(®) N 0) makes an angle < 7/4 and uniformly bounded
away from zero as ¢ — 00, hence has the general shape of the contour in Figure 5,
Section 2, within the ball A(O). We define

(5.29) TPI2 N\ 0) = A(E®) N 0)

and extend ©FT12 smoothly outside A(Q) in such a way that it is asymptotic to

straight lines making angles between 0 and 7/3 with the real axis. It is clear from
the estimation in Section 2, and the preceding calculations, that for such a contour
YPIL2 the bound (2.21) for the solution m¥11:2(z, t) of (RPI12 yF11:2)

(5.30) is uniform for v, ¢ satisfying the relation 1 — <y<1

Mo
21/3q2/3 =
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Introduce the parametrix around z = —1 as follows. Define

my(2) = mPIH2(\(2),t) in O—%6)
mp(z) =1 in O°—%06).

As g = 00, |A(2)| = oo for z € DO, and we have for v,(2) = vi T?(A(2)),

my(z) is analytic in C — (24 UdO)

) Mpy (2) = mp_(2)vp(z) on ONEE)
(5.31) mpt (2) = mp_(2)I on O°NXG)
PII,2
mpt(z) =1+ ml/\(z)(t) + O(/\é)Q) on 00 as ¢ — .

The key fact is that v, is an approximation to v(®) with error of order qz%

We compare, for example, the 12-components of v(®) and vp ON £3). We focus on
on Egi). Using the u variable, the 12-entries of v(®) and v, are

—exp(g[yu + log(v/1 4+ u? — u))])

and

1
— explalyu — u+ gu)

respectively. By (5.21) and (5.22), we have for z € ON n®

wmn

|eq['yu+log(\/1+u2—u)]| — |qu%(z—z_l)| S e 2‘?‘1 (147 cos 9)3/2 .
From the Taylor expansion of the odd function log(v/1 + u2 — u),

1
log(vV/14+u? —u)=—-u+ 6u3 + u’r(u),

where r(0) = —2 and r(u) is bounded for small u, say |u| < 1. Set é =
supj, <1 [r(u)]. Note that for z = ppe” € ON 53 (see (5.5)), as ¢ — oo, we
have |u| < &(1 + ycos8)'/? < &(c'e)'/?. Therefore, if we have chosen ¢ > 0 small

enough so that

2v/2 1

(5.32) 22 +é@)°ce< —=,

3 2
we obtain, as ¢ — oo,

|egbvutlos(VIFuZ—u)] _ galyu—utgu’]]

— |eq[7u+log(\/1+u2—u)]||1 _ e—qusr(u)|

_2V3q 3/2 835 5/2
<em s IFTOSDTE o luf® (||| peo (gluj< 17y CHT e
(5:33) < Cq(1 + y cos B/ 2600~ F+2@° ) (14 cos )/

< Cq(1 + ycos)3/2e=3 (14 cos 9)3/2

IA

C
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2
5/3e—m

where we have used the basic inequality |1—e?| < |z|e!*| and the fact that ||z Y ”LE’B)

C'. Since

<
o) —

_ pa[yutlo (\/Wf’u)] [ u7u+lu3]
U(3)v;1= ((1) edl” g 1 + edy i ) on OHEEZ),
we have .
[v® vt — I“Leo(omgi)) = O(W)'

For ON E((,‘Z)t, we have a similar estimation. On the other hand, for O¢, the error is
exponentially small ; [[0® v, = I|| poe(0ense) = [0 = T|| o(enney = O(e™9).
Now define R(z) = m®)m!. The ratio is analytic in C — (£ U90) and the

above calculations show that the jump matrix vg = mp_v(3)v; lm;_l satisfies

[lvr = I < —011(2%2) on ONXG),
(5.34) lvg = Il < Cec4 on O°NEG),
PII,2
vp=v,t = m;i =J- ml)\(z)(t) + OMZ(@) on 00, as ¢ = 0.

In (5.34), we have used the fact that m*1:2(2,t), and hence m,, is invertible and
bounded for (z,t) € C x [0, M3]. (see, (5.30)).

From (5.34) and (5.27), we see that [Jvg —I||cc = |[|wE||co < Cq(yﬁ). In particular,
(I = Cyy,) is invertible for large ¢ and by (2.9), R is given by

R(z) =1+ /Z(B)Uw pe)or = 1) 4o

21 s—z

where 1 solves (I — Cyp)p = I. As [lug = T]loo < <5722, we have [lu — I||> =

OMZ(#), and also

1 ds 1
R22 (0) + 27‘('7, E(s)uao(vR )22(8) s + OMZ(q2/3)

Thus, using |[vg — I||ec < Cq(Z,MsZ) in (5.34) for the second equality, and m

mfII,l (see (2.20)) for the last equality, we obtain

"("’3—1 = R22 (0)

PII2
1

1 dz 1
=1+ — _1 az L
+ o [ on =02 + O ()
1 [ min () de 1
- L[ me 08
21 Joo  AMz) 2 q*/3
(5.35) . mf,ga(t) / 1 du O (L
=1- . My (77
27ri w(80) —i%u (—Va? + 1) 2 g2/3
i2'3  pria 1
=1+ PEREE: (t) + OMz(m)
i2'3 prra 1
=1+ qlel,n )+ OMZ(W)'

Note that error in (5.35) is uniform for 0 < t < M.
We summarize as follows.
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Lemma 5.1. Let My > 0 be a fized number which is sufficiently large so that (5.18)

is satisfied. Also let Ms > 0 and 0 < 61 < 1 be fized numbers. As ¢ — oo, we have
the following results.

1. If 0 <y <1-4y, then, for some constants C,c which may depend on 6y,
lko_y — 1] < Ce*d.
2. If% <y<1- 21/5’%, then, for some constant C which is independent of

M; satisfying (5.18),

2 )< G -2,

|kg—1 =1 < pvE

3. If 1 — sisam <7 <1,

‘54/3
2 2 PII C(M>)
|ﬁq,1 -1- 1—/3m1,22(t)| S —3m
q q
where t is defined by vy =1 — W
6. v>1

Let 6, be given in Lemma 4.3, sin? ‘97“ = %, 0 < 6, < w. Decompose ¥ = C, U C»

where C; = {e? : 0. < |§] < 7} and Cy = ¥ — C;. Note that on the support
of the measure duy in (4.13), duv(0) = 2cos(§)(/L —sin®(§)x(—g.,0.(0)d =

gl
22/ (s — (s — & 1)ds for s = €.

C

outside

o®

FIGURE 10. ¥ and £

Lemma 6.1. Define a(z) = —%fgz 1. /(s — €)(s — € 1)ds where £ = € and

the branch is chosen to be analytic in C — Cy and /(s — &)(s — £~1) > 0 for real
§>0. Then

1. €2® is independent of the path in C — (C; U {0}),.
2. exp(—2mi f;i duv(0)) = exp(2a(z)) for z=e,|¢| <.

3. exp(2 [T log|z—e®|duy (0)—V (2)+1) = exp(—2a_(z)) for z=¢€",|¢| >
6.
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Proof. Property (i) follows from a standard reside calculation : the change in a(z)
around the point at 0 is —mi, and the change in a(z) around C; is 0. Property (ii)
follows from the definition of a(z). For (iii), set

F(p) =2 log €% — e |duy (6) + ycos ¢ + 1 + 2a_(e'?)
for 2 = €%, |#| > 6.. From the variational condition (4.7), we have F(.) = 0.
Differentiating,
0 .
e 2ei? Yo i
! _ . _ _ (i _ —ig
P = [ il =~ ) - (e - )

iy e'® + 1 : :
e

— [ 2 e e s

o Jo, 2 —5 82
R AU NS b B oo — 1
A residue calculation similar to that in (i), now shows that F'(¢) = 0. Therefore
we have F(¢) = 0. O

Note that e2?7Js v (®) = 1 for ¢ outside the support of duy , i.e. for lg| > 6..
By (4.11) and above Lemma, our RHP becomes

(m(D(2) is analyticin C— X,

—2qa —1)¢
msrl) :m(f) (e (=1) ) on Cs,

0 e2qa
(6.1) ! L (C1)re 20
m$) =m(_1) ( ) on Ci,
0 1
(mM =T+0(2) as 2
and k2_; = —(=1)TmS) (0)e? = —(=1)7es(-7+1o87+ 1 D) (0) by (4.10) and (4.14).

We use the same conjugation (5.2) for m(!) as in the case ¥ < 1. Then our new
jump matrices for m(? are

_s—2qa
v = ! € ) on Cs

2qa
e 0
(6.2) .
(@ _ (e -1
%) = on C;
1 0

and k)_; = eq(_7+1°g~7+1)m522)£0). N N
Set £G) = C1 U Cinside U Coutsidze Where Cingidze and Coyiside are open arcs as

—e—2qa
chosen below. Note the factorization v(?) = 1 0 L € >0n C5. Set

e 1 0 1
Rea = R, Ima = I so that « = R+ ¢I. Recall the Cauchy-Riemann equations in
polar coordinates (r,6),

R _0I dI _ OR

"or 00 "or 96"
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For z = €' € Cy, a(z) = —mi faac duy (8') is pure imaginary and
oI o, . 5,0
20 %(—za) =-n cos(§) — —sin“(2) <0
Hence
OR oI
R=0 and §:%<0 on (Cs.

Therefore for fixed 8, e? € Cy, there is ¢ = €;(8) > 0 such that R = Rea > 0
(resp. < 0) for z = ret® with 1 —€; <7 <1 (resp. 1 <7 < 1+¢€). We take Cinside
(resp, Coutsidge) such that |e=2%| < 1 (resp, |€2%] < 1) on Cingige (resp, Coutside)-
Clearly there exist 0 < p1,p2 < 1 such that [e=2%| < p; (resp, |€2¥| < p2), for all
z € @nsida (resp, z € 5’outside), apart from a small neighborhood of the endpoints.
Introduce the regions 023), k=1,2,3,4 as in Figure 10. Define m(® as follows,

-1
2
m® = m® (1 ‘elqa) in 0,

0

m® =m0 o)
qua

m® =m® in 0 o@®.

Then v® is given by

(
1 —e 2@ ~
0 1 ) on Cinside;
1 0 ~
< Q2 ] on  Coutsides
—2qo_ —1
€ 1 0) on Cl,
\
and
(6.3) 52_1 — e(—+log ’Y+1)mg3é)(0)_

From Lemma 6.1 (iii) and the second variational condition in (4.7), we have, for
any z € C,

e 29%- 50 as ¢q— oo.

(Recall that the inequality in (4.7) is strict from Lemma 4.3 (ii)). Also from the
choice of Cinside and Coutsidea

e 2% 50, €*M* 50 as q— 00

on Cinsidges Coutside, respectively. Therefore v®) — v as ¢ — oo,

10 ~ ~
v = 0 1) on Clinside U Coutsz'de;
(6.4) .
X = B on (.
1 0

The following result can be verified by direct calculation.
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Lemma 6.2. RHP (C1,v™) can be solved explicitly.

wo_ [ 3B+BY) 58 —ﬁ_l))
(6 = (2070 165
where B(z) = (Z551)1/4, is analytic in C — Cy such that f~ +1 as z = oo

z—€-1
Hence we expect from (6.3), k2 | ~ eq(_'y‘*log'y‘*l)%, because m33(0) = \%
Our goal now is to show that indeed m®) — m®™ as ¢ — co. As in Section 5, we
must control the behavior of the solution of the RHP for m(®) near the endpoints,
where the rate of exponential convergence v(®) — v, becomes smaller and smaller.

Let 03, My > 0 be fixed numbers, let 0 < 4 < 1 be a fixed, sufficiently small
number satisfying (6.35) below, and let M3 > 0 be a fixed, sufficiently large number
satisfying (6.32) and (6.39) below. We consider 3 cases for 7 :

1. 1465 <~

2. 1+ simas SY<1+4

3. 1<y <1+ sty

Calculations similar to those that are needed for the asymptotics of the orthog-
onal polynomial on the real line (see, [DKMVZ1]), show that for v > 1 + 43,

1 1
6.6 K2y = elrHETH) = (14 0(2)).
(6.6) P \/7( )
The error is uniform for 1+ d3 < v < L for any fixed L < oco. However, we will not
use this result, utilizing instead (stronger) estimates from [Jol] (see next section).

FIGURE 11

We consider case (iii). Set v =1+ W with 0 < ¢t < My and ug = sinf, =

%\/'y — 1. In defining »3) above, there is some freedom in the choice of CN',-ns,-de
and C,ytside- We make the following choice (see (6.11) below). Set z = —%21 =

—t(1 + gi7so75) 2 ~ —t < 0 as ¢ — 00, and let "% be the contour defined in

Figure 6 for this specific z. Let &' = {u = %)\ : A e TPIL3Y = 3 _ 3 and let

€ > 0 be small and fixed (see (6.7), (6.10) below). For definiteness, we can, and do
assume that the rays Xj, ..., X} make an angle of /6 with the real axis. Consider
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O' = {u: |u] < €'}. If ¢ is large enough, then ug € O'. Set u = u(z) = 3:(z — 2z~ 1).
We choose €' such that (cf. (5.25))
(6.7) u is a bijection from an open neighborhood of z = —1 onto O'.

Clearly there are constants ¢;,ca > 0 such that ¢; < |z(u)| < ¢ for all u € 00"
Under u~1, the points ug, —ug are mapped into &, £ respectively, and u=1(Zf) =
C;. Consider a point z € u~1(Z) N O'), the inverse image of a point u € ¥} N O.

Changing variables twice, v = (s — s~ !) and w = v?,
(6.8)

~2a(z) = 7 (w4¢‘)¢@+rw—@+swf
=_m/ (V- ¢—)”"’V —Vi-@,

_ —iy “ v? — ul 1/2
T2 /UO (1 + k(u) +Ok(vz)) v(1+ h(v?))dv

= = )7 [+ (hw) — h) + () dw

L [ = e L) — k(w)) — 2K 1+ hw))dw
4 /2 (L + k@) + kW) 2 [1+ (1 + k(u}) + k(w))/?]

= 2 -+ O a3l ) + 0 - w2 ).

where \/u? —u? is defined to be analytic in C — [—uo,uo] and positive for real
u > ug ; h(w) = \/5\/_7 le\;l; Llujw — 1, which is analytic in |w| < € and h(0) = 0 ;
k(w) = +(v/T—w — 1), which is also analytic in |w| < € and k(0) = 0. Since X} is
a straight ray of angle " at ug, Re(—i(u? —u2)%/?) < —L|u* —u[*/2, which yields

1
(6.9) | exp(—2a(2))] < exp(—oglu® — wg*/?) <1,
provided €' is sufficiently small so that
(6.10)
o, . 1 . .
O = w3°/?) + O(1u? = w*/*8) < elu® ¥ (u? = | +18) < oolu? = ui

for u € Xj N O', where the terms on the LHS are given in (6.8). The same choice
of € gives rise the same result for 2 € u=}(X5 N O'), and also |exp(2a(z))| <
exp(—ou? —ud|?/?) < 1for z € w1 (S} USL)NO'). We thus fix £ by choosing

(6.11) 20 =4 Y NO') inside O,
and extending it to a contour of the general shape C; U @nside u éoutside as in
Figure 10.

Define

1/3 .
(6.12) mp(z) = mP3 (Lzu(z),z)  in O—3O),
I in @c _ 2(3),



36 JINHO BAIK, PERCY DEIFT, AND KURT JOHANSSON

where m¥41:3(2, x) solves the RHP of Painlevé IT equation given by (2.25) and (2.26).
Then m,, solves the RHP on £() U0 in which the jump matrix v,(2) is given by

q'/3

PR3 ( 4/3u(z)) 2e 2B NO,

(6.13) I 2e€XB) nOe,
My (2) z € 00,
where vF113 is given in (2.26).

We compare v(®) and v,. First, let z € %) N O such that u(z) € £, N O'.
The 12-entries of v(3) and v, are — exp(—2ga(z)) and — exp(—Zng”(%izu(z))) =

— exp(— ¥ (u? — u})?/?), respectively. With €’ chosen small as above, using

. 1
Re(=i(u® = uf)*/?) < —gfu” — uf ",
4M,
2
uy < -7,
0= q2/3

. 3/2
[|lz5/2e~® llzo[0,00) < C,

M,
7-1< —7—7,
21/342/3

we obtain from (6.8),

|€72qa(z) _ *2i9PH ;4/3 u(z))|

< pRe(—%(w? u@W%|—MMd+hf”ﬂfrwd) 1]

< Cem I [glu? — 3P/ (fu — ) + i + (7 - )]

C(My)
23

(6.14)

<

In a similar manner, for z such that u(z) € 3§ N O, same result holds and for
2 € Coutsize N O, the difference of the 21-entries of v and vp satisfies |e2‘1°‘(z) -

e PH(24/3"(z))| 0(1(2%‘). For z € C), Re(—i(u? — u2)*?) = —|u? — uP/2.
Again by (6.8), the difference of the 11-entries of v(®) and v, satisfies |[e=292-(2) —
4173
6_2’95”(24/3 “(z))| < % Therefore, we have
_ C(My)
(6.15) ||U(3)Up = Il pemern0) < 25

Secondly, for z € £ N O°, |z =&, |z — £l >e>0 ) implies exponential decay

for e=29%(2) and €29%() for 2 € Cipsige N (’)C and z € Coutsige N O°, respectively.
Therefore we have

(6.16) ||1}(3)'U;1 - I||L°°(E(3)OOC) < Ce ‘.
Finally, for z € 80, |u(z)| = € and

pI1 q1/3 mPII,3 (.'L') 1
617)  mpe(2) =m0 (Grpu(e), ) =T+ e + Om (),
24/3uz q

by (2.25). Here the error is uniformly for 0 < z < 2Mj.
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Now as in the case v < 1, define R(z) = m®m_'. Then the jump matrix for R
is given by vg = m,_v®v,1m; . From (6.15), (6.16) and (6.17), and also (2.28),
we have

lve — Il (z®noy < % on ONEG),
(6.18) lor = Il (s31n0e) < Ce™? on 0°NXG),
1 24/3mfu’3(w) 1
UR:mp+: —W+OM4((12/3) on 60

As in (5.35) for the case v < 1, using m{’3{ = my 33* + (iz?/8) from (2.27),

mg;) (0) = R22(0)

i24/3 1
=1+ i (@) + O ()
(6.19) i24/3 it? t " 1
— PII -
_1+(11T m1,22(m)—§(1+ 21/3(12/3) +OM4(W)

it o t? o 1
=1 + _ql_/3 m1’22($) + _25/3(]1/3 + M4(q2_/3).

Therefore, from (6.3) using z = —t(1 + W)_Z =—t+ OM4(Q2%) and the fact
that %mf II(t) is bounded for 0 < t < My, (this follows, for example from (2.18)
and the boundedness of u(z) = 2im{1{} ; alternatively statements like (2.28) are

true also for all the z-derivatives of mP11:3(2; z), etc.),

(6.20)
)

— oa(—v+logy+1) '3 oy t2 o 1
=€ 1+ q1/3 m1,22($) + 25/3q1/3 + M4(q2T)

B 2 1 23 oo 2 1

2'  prp 1

=1+ PE my 22() + 0M4(m)

2'%  prp 1

=14+ qlel,zz(—t) + 0M4(q2T)

Finally we consider the case (ii), 1 + zl/jgﬁ <~ <1+ 85 We conjugate m®

with jump matrix v given by (6.2), as follows.

) = @ 1
(6.21) {m =m 2> 1,

mW=m®@ (%) || <1

Define a(z) = —mi f; =/ (s = €)(s — £ T)ds, where a(2) is the same as a(z)
in Lemma 6.1, but now we choose the branch so that /(s — &)(s — £~1) is analytic
in C — Cy, and /(s — €)(s — £~1) ~ +s as s — 00. Then the jump matrix v(*) for
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m® is given by

2q04 1
o® = <e . 624&—> on (s,

—2qa
v = <1 € > on Cy
0 1

= —ed(=1 1087+ () Noting the factorization v® = ( 2qla

(6.22)

and &2

FIGURE 12

(—01 (1)) (e2qla+ (1)) on Cs, we define (see Figure 12)

-1
m(w:mu)(;~ 0) in ),
1

e“1¢
m® =m0 in 0P
e2d 1 8

m® =m®  in QP uad),

.
1
v(®) = (01 0> on (s,

1 —2qa
) = € on Ci,
0 1

so that

A

1 0 ~ =~
U(5) = - > on Cinsz'de ) Coutsz'de-

e 1
\
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As in the case of a, we have |[e"*(*)| < 1 for z € C; and [e®*)| < 1 for 2z €
Cinside U Coutside- Therefore taking ¢ — oo, we have

p(8:00) — 0 1) on (s,
10

(6.23) o
p(8:2) = 0 1) on C).

This RHP can be solved explicitly as in Lemma 6.2, and we find

YB+BYH  H(B-AY
(6.24) m(3:°) — 2 PP 2T
—5B-8"1) 3B+67")
where ((z) = (%)1/4 is now analytic in C — C, and  ~ +1 as z = oo.
From (6.24), we have m$;"° (0) = —% and k2_; ~ e?(-7+lo8 7+1)% as ¢ — oo.

Again, we need to construct parametrices around ¢ and £~! in order to prove that
indeed m(® — m(>), Note that detm(®>) = 1 : this follows either by direct
calculation or by a general argument as det v(®°°) = 1.

Let X" be the contour £ = R U R, €>™/3 U R, ¢*"/3 shown in Figure 13. Let

(17

213

L10) (0

(17

FIGURE 13. X" and vy

w = e?™/3 and set (see [DZ2))

Ai(s)  Ai(w?s) _in o
¥(s) = i"(s) wAi'(W?s) ) © "o 0 <args <3,

i(s)  Ai(w?s) o—iTas 1 0 2 < aras <
’ 3 Ty
w2 Ai' (w?s) -1 1 3 g

e

(s

)
(6.25) < _ : 2 45
T(s) = 1(5)) —w? Ai(ws) o Zos (1 0) , < args < 4?",
)

B

i'(s) —Ai'(ws)

i(s) —w?Ai(ws) in 4
~6 03, < args < 2m,
Ail(s ’ 3 g

hN

wAi' (ws)
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where Ai(s) is the Airy function. Then ¥ satisfies the jump conditions

(
11
U, =0_ 0 1) z€Ry,
0 1
(6.26) (T, =T_ z€ER_,
-1 0
10 27i/3 4mi/3
U, =0_ - z € Ry e?™/3 R, efmi/3,
\

Let O¢ and Of be neighborhoods around £ and € of size €"\/y — 1, respectively,
where € > 0 is a small, fixed number chosen to satisfy (6.27), (6.29) below. Since
le-¢§ = %, /v —1>¢€"\/y =T, O¢ and Of have no intersection, provided

(6.27) 0<e <1

For definiteness we assume that 00¢ and 0O are oriented counterclockwise. In
O¢, a simple substitution shows that &(z) = 2(z — €)3/2G(z), where G is analytic
and G(€) = (y — 1)3/4e~ #3203 Here (z — £)3/2 = |z — £|3/2e3i0m9(z=8) and
0. — /2 < arg(z — &) < 8.+ 3n/2. Define

(6.28) Az) = (2 = §)(G(2))*7?,

where (G(2))?/? is analytic in Og and (G(2))?/% — (7 — 1)/2e=1047/2) a5 7 — ¢.
Of course, \3/2 = %&. It is a simple calculus question to verify that we may choose

~ (-1
" 12
€ (v-1)
A
—
0
o
FIiGURE 14

€'’ sufficiently small so that

6.20 z = A(2) is a bijection from O¢ onto an open neighborhood
(6:29) of 0 in the \-plane, of radius ~ (y — 1).

Define () N O¢ = {z € O¢ : A\(2) € £"}. As in the construction in [DZ2], set
(cf. (4.34) in [DZ2)])

73
630 B = (1 D) VRt (- a6
and for z € O¢ — ), define the parametrix for m() by
(6-31) mp(z) = E(z)ql(q2/3A(z))eqa(z)0'3‘
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Then m,, satisfies the same jump conditions on £(®) N O¢ as m®) ; mpy = my_v®).
And if ¢ becomes large, then for z € 00, |g*/?A(2)| > cg*/?(y — 1) > cM3/2'/3.
Therefore,

if M3 is sufficiently large so that the leading terms dominate

6.32
(6.32) in the asymptotics for the Airy functions in ¥(q?/3\(2)) (see e.g.[AS]),

then by the explicit choice of E(z) in (6.30), we find for z € 00k,

(6.33) myy = m®)(2) (1 + 0(@)) = m(5%)(3) (1 + O(W)).
Noting the symmetry m(®) = m()(z), define ) N Of = 6G) N O, and for
z € O — £ set my(2) = m,(2). We now extend () N (O U Op) to £ to have
the same general shape as in Figure 12. Finally, for 2 € C— (Og UOgU %(®)), define
my(2) = m(®>),
Set O = OgUOg. Then R = m®)m; ! solves a RHP on £() UJO with the jump
matrix vg = mp_v® v tm !,

’UEZI on (2(5)00)U02,

1 e 219
0 1

5,00)

vg =m! ) (m®>N~1 on C,NO°,

(6.34) ¢

1 0 ~ ~ .
'Ufg = m(5,oo) ezqa 1) (m(S,oo))fl on (Cz'nside U Coutside) N OC:

\Uﬁ = I+ O(W) on 8(’)

Let €1 > 0 be a fixed, small number : for example, we may take ¢ = €’ satisfy-
ing (6.7), (6.10) above. Choose d4 sufficiently small so that

(6.35) gEefzilzt1l<a)

for 1 < v < 1+ 4. By calculations similar to (6.8) and (6.9), Re(2a(z)) <
—c(y —1)3/2 for z € (Cinsige U Coutsige) N {|z + 1| < 1} N O° (in fact the estimate
is true on the full set ((Ni’inside U CN'outside) N{|z+1| < e&}) and also |e2q°~'(z)| <e
for z € (Cinside U Coutsige) N {|z + 1| > e1}. Thus, [e298()| < e—ca(v=1** for
z € (@nside U CN’outs,-de) NOc°. Also, by calculations similar to (6.8) and (6.9) again,
Re(—2a(z)) < —c(y —1)3/2 for z € C; N O°. Therefore we have L™ estimation
3/2

(6.36) lvg — Il oo (s5)n0e) < Ce ™Y

Furthermore, from calculations similar to (5.23), on Cinsige N O N {Im(z) > 0},
using |u + ug| > |u — ug| on the integration contour for the second inequality,

[l < [ et =3 gy 4 G
{u=uo+ze=im/3:2>c\/y—1}

(6.37) < / Ce 1" dg + Ce
cv/y—1
c

< q(y = 1)
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The same calculations apply to the other part of émszde N O° and also to CN’outs,de N
0¢, so that V=1l 11 (&, ..0.U8,uenia)n0%) < 4(7 7j- On the other hand, length(00) <
C+/v —1 and length(C1 N O°) < Cy/y — 1, and hence, by the above L estimates,
lvg = Illz100) < C/(a(y = 1)) and |lvg — I”Ll(C’lﬁOC) < C/(g(y —1)). Thus

C

q(y—1)

Using the choice of O¢ and O, direct calculation shows that m(5°°) hence
(m(®>))~1 (as detm(®>) = 1), are uniformly bounded for 4 in the region 1 +
21,1;’[% < 4 < 1448y, for z € O — XG). On the other hand, even though the
contour () UAO varies with v and ¢, the length of £ UdO is uniformly bounded
for 1+ 21%% < v < 1+4d4. Also a simple scaling argument shows that the Cauchy
operators C on L*(2() UdO) are uniformly bounded for 1+ 21/;”% <~ <144
Therefore,

(6.38) lvg — Il s®uao) <

ICw; 2= us0) s L2(z®us0) < CllwgllLe(z®usn)
¢ —Cq(y=1)*/?
AR

(6.39) c oM.
M2/3 + Ce ~ s

1
<=-x1
_2<

3/2

provided that M3 is sufficiently large.
From (2.9) and (6.38), we have

1 Wg — (I - ng)ilcwﬁj](z)wﬁ(z)
2mi />:(5)U60( z dS) 22

< C(llwgllpr s ue0) + ||wﬁ||2L2(2(5)Uao))

|R22(0) — 1| =

< COllwgllpiseueoy 5 as [|wgllpe(s@uso) is bounded,
<_C
“ gy -1y
and

C
g(y-1)

Therefore, from mg51)(0) = Ry (0 )mgs1 »00) (0) + Ro1 (0 )mf1 200) (0), we obtain

|1§21(0)| <

1 1
6.40) K2_, = —et(7 081D ) () — gu(—yHogy+1) (1 +0(—= )
( ) q—1 21() \/,7 (q(’y—l))
Note that this is consistent with the result (6.6) for case (i) where v — 1 > d3.
Summarizing, we have proven the following results.

Lemma 6.3. Let d5, My > 0 be fized numbers. Let 4 > 0 be a fized sufficiently
small number satisfying (6.35), and M3 > 0 be a fixed, sufficiently large number
satisfying (6.32) and (6.39). As g — oo, we have the following asymptotics.
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1L If14+d83 <7,
1 1
/4;371 = eq(—'r+logv+1)ﬁ (1 + O(E))’

where the error is uniform for 1+ 64 <y < L for any fized L < 0.
2. If1+ 21/%/{:2/3 <y <1+,

1 1
K2 = ed(=r+logy+1) (1 +0(———— )7
! Nal ((I(’Y - 1))

where the error is uniform in the region.
3. If 1<y <1+ 5,

'3 oy C(My)
|"~q—1 -1- (mel’m(_ )| = W,
where t is defined by v =1+ W, 0<t< My.

Note that, comparing Lemma 6.3 (iii) with Lemma 5.1 (iii), we have same result
everywhere in the region 1 — % <y<1+ %,

2 i24/3 PII c)
(6.41) |f€q_1 —-1- Wml,n( )| =T@2B

where ¢ is defined by v =1 — 5775575, and M is any fixed positive number.
Also note from Lemma 6.3 (ii), that as ¢ — oo,
C#

gy —1)’

where C# is independent of M3 and is fixed once &, satisfying (6.35) is determined.

(6.42) logky_; < q(—v+logy+1)+

7. Asymptotics of ¢,()\) as n — 00

In this Section, using Lemmas 5.1 and 6.3, we obtain the large n behavior of
¢n(N). In the following d5, dg, 67 are fixed numbers between 0 and 1, and My, Mg, M~
are fixed and positive. These numbers are free apart from the following requirements

(a) d6 satisfies (6.35),

(b) M5 > 1 satisfies (5.18),

(c) %MG > 1 satisfies (5.18), and

(d) M, > 1 satisfies (6.32), (6.39) and condition (7.8) below.

We consider the following five cases for A > 0 and n :

1.03%31_55
2.%3%51_21/3&\:{%
S'I_MWS%SLFMW
4+ i SRR <140

5. 146, < 22

— n+l
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Consider case (i). For any k > n, i\g <1-65. From Lemma 5.1 (i), we have
as n — 0o,
o0 oo
(7.1) llog ¢ (V)| =D logrz (V)| < Y Ce * < Ce "
k=n k=n

Consider case (ii). We split the sum into two pieces.
log ¢ (A Z log K (
= Zlog kp(A) + Zlogni()\)
€] (2)
where (1) and (2) represent the regions
(1) n+1<k+1<4V),
2) 4VA<k+1

For (1), 3 < i\ﬁ <1- M"IW From Lemma 5.1 (ii), for some constant C,

independent of My satisfying (5.18),

V372
o~ DR (1) (1-283)

logr2(N)| < C
| g ki ( )|— (k‘+1)1/3

s
Using the fact that f(z) = z}/se—¥m(1—%)3/2
second inequality below, we have, as n — oo,

(7.2)
22 (k1) (1-32)*?

|%log/ck <CZ 1/3

®
4VX
< C/ o= B e (1-2)" Cf% +02 7
7 (n+1)
4v/3xy3/2 dy

1
C(2\/X)2/3/ e 80+y)!/2 AP + Ce™

is monotone decreasing in the

_¥(n+1)(1_%)3/2

Ln+1)(1-243)%/2

(41)
2V X
1

cEVN? / eV gy 4 Cem 3R
(1) g
2V N

= C/OO (nt1) e_s% 4 Qe 3(mHD-2F)
("7_1)3/2 )

n+1) 1)3/2 n Ce_%(n_,’_l)(l_%)‘%/z

2v/\ )3/2>
n+1

— 1 for the integral in the third line. The
3/2 and at the end, we

< Ce~ VAGGA

< Cexp(—%(n+ D(1-

We use the change of variable y = 5 f
fifth inequality is obtained from the substitution s = vy
have used % <1.
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For (2), % < 3. Therefore, from Lemma 5.1 (i), we have
oo
|Zlog li%()\)| < Z Ce °F < Ce .
(2) k+1=[4V/}]

Summing up the above two calculations, we have, for case (ii),

(73) |10g¢n()\)| < CeXp <—C(n + 1)(1 _ 3_1%[)3/2)}

as n — oo. Note again that the constants C,c can be taken independent of Mj.

Consider case (iii). Set

7.4 .
(7.4) n+1 21/3(n+1)2/3

so that —Mg <t < Mg. We divide the sum into three pieces,

log ¢n(N) = > log Kz (N)
k=n

= Z log k2 () + Z log k2 (\) + Z log k2 ()\)
(1) (2) (3)

where (1), (2) and (3) indicate the following regions :

Mg —t
(1) n+15k+15(n+1)+(2617/)(n+1)1/3
(Mg — t 3 t
(2) (n+1)+2617/3)(n+1)1/3<k+1<§(n+1)—m(n+l)l/3
3 t "
(3) S(+1) = smn+ DV <41

For (1), as n — oo,

1 6Ms . §2ﬁ§1+$.
21/3(k+1)%% ~ k+1 21/3(k +1)*/3

Hence from (6.41), we have as k > n — oo,

i24/3 IVAN

k+1

1 2 1
log k2(\) = ﬁmf’g; (23 (k+1)3(1— —)) + Om (W)‘

(k+1)

45
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This leads to

> logkE()
(1)
[(n+1)+ (Mf/_iit) (n+1)1/3]
2 i24/3 Ll s 2\/_ .
= e 1 k 2 2V 0 1
k+§+1 [(k+1)1/3m1,22( 3( + ) ( T 1))+ Mﬁ(k2/3)
(n+1)+ 82D (n41)1/2 o3 2V 1
B /<n+1> z/3 mi53(2/°2*/ (1 - =)z + Oue (—75)
(M{;/—st) )
= [ g (s 2
‘ ’ 3(n+1)
+1)— % +1 1/3 .
(1_ (n ) 2173 (n 1)/3 ) st +0M6(1—/3)
(n+1)+s(n+1) T+ s ) -
(Mg —t)
21/3 s )
= 243, PII<t+21/3 )1 - 7"'“'))(1_74----)@
1
+ OMG (n1/3)

(Mg —t)

21/3 | 1
:/0 z24/3mf’g(t+21/3s)ds+OMG(W)

Ms o 1
= / 27/m1’22(y)dy + OM6 (n1/3 ) )
¢

The fourth equation is obtained using the change of variable z = (n + 1) +

s(n + 1)1/ %, and for the sixth equation, we use the fact that dtmf IL(t) is uni-

formly bounded for —Mg < ¢t < Mg (see the remark below (6.19)). To pass from
the second to the third line, note that for integers b > a,

b—1 b b—1
0y 12I@- [ @< i@ - @) n<ap <oty
<Mz (apy (b — a).
For the case at hand, a simple calculation shows that

2/3
”f ||L°°(n+1 [(n+1)+ (Mf/—st)(n_,’_l)l/3) <C( )/TL

Also, the contribution to the integral from the interval ((n+1)+ (A;[f,zt) (n+1)"3, [(n+
1)+ G (0 + 1) + 1) s Oagy (1//9).

For (2),
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As n — oo, by a calculation similar to the case (ii), again using the monotonicity

vz vz . .
of f(z) = zll/g e~ 222(1=22)"% £ the second inequality, we have

72‘/_(k+1)(1 k+1)3/2

|Zlog/<ak <CZ

1/3
@ @ (k+1)"
2 (n+1)- 21/3 (n41)1/3 2\/_ d
z(1— zf)3/2 X ,(MG)S/Z
<C (Mg—t) 1/3 e xl/3 +Ce
(n+1)+S75 (nt+1)
(n+1) oy 3 12 dy Mg 132
2\/_2/3 ——3 (%) - C —( 6)
OO Jagprn € gy T
(n+1)
2/3 Vay® Mo y3/2
e ja%w+nuse Py + Ce 3
TRy
oo
<C efsﬁ + Ce (27
wmu%ﬁ s'/3
<C € s+ Cem (B2
— a8t
< CemiMs"” 4 0 (T < CemiMs”

The first inequality follows from Lemma 5.1 (i) (note that, by assumption, 3 Mg

satisfies (5.18)). For the second line, in order to control the contribution to the

hMthmﬂwMHmwm+D+%%”m+)W]W+D+%mw + 1),
2/3

we use the inequality 1+ W <1+ (2 _H;‘;I/% < % for large enough n. For

the third line, we use the change of variable y = 5 f — 1, and for the fourth line,

we use the inequality % >1- 21/3(24% > 2,% for sufficiently large n. The

3/2

fifth equation is obtained from the substitution s = v/Ay?/2, and for the sixth line,

we have used the inequality 2 A < 4

o < 21/3(24% < 2 for sufficiently large n.

For (3), as n — 00, 0 < i‘ﬁ < 2, which yields, from Lemma 5.1 (i),

|Zlog k(A < Ce™".
(3)

Summing up all these calculations, for i =1- W with —Mg <t <
Mg, we have, as n — 00,

C(Ms)

Mg 192,3/2
u%%m—l 2imP B (w)dy] < <7 + cem

for a constant C'(Mg) which depends on Mg, and for a constant C' which is inde-
pendent of Ms. Using the asymptotics of m{35(x) as £ — +oo (see (2.17)), we
have (recall $ Mg > 1)

C(Ms)

© 3/2
(7.6) p%%m—/ 2im{ 5 (y)dy| < 1/3+01Ma.
t
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Now we consider case (iv), 1 + MW < flﬁ <1+ ds. We write

log ¢n (A Zlognk +Zlogf@k,
1) 2

where (1), (2) indicate the following regions :

M
1) n+1§k+1§2\/_—m(n+1)1/3

(2) 2\/——1—/3( n+ 13 <k+1.

For (1), we have for n sufficiently large, 1+M‘JW < % < 1+6¢. Therefore,

using (6.42), we obtain
(7.7)
D log ki ()
(1)
[2VA— {7z (n+1)'/?)]

1,2V c#
< Z (k+1)<——(——1)2) T oA i an
W 4 k+1 2VA = (k+1)
| v 1/73(n+1)1/3 /N 2\/X721‘f—/73(n+1)1/3 c#
o1 __1d+/ ———de + (M
< 4/ x( ) dz - 2/ -z v (M7)
1_#;7 a2 —
S_l/ 2178 (ny1)2/3 ﬁ(Z\/X)Q(l y) dy+C#10g M + C(M7)
4 )t y (n+1)1/3
2v/X
1 [ a5 mi75 3 5 #2VA=(n+1)
! vaA-n+1)
£ 4ﬁ+1 QYN =9y + O =y + O
2v/X
M7 _ n4l
< 1/2 PO oVN222dz + CF(n + 1)2/3(& — 1)+ C(My7)
4 J{ nt1 n+l
2V
1 M7 n+1 n+1
< = 2 T-(1- ’
= 12(2\/X) [(21/3(n+1)2/3 2\/X) (1 2\/X)
2v/\
# 2/3 _
+ C¥(n+ 1?5 = 1) + C(Mr)
MEn+l o+l 2, 2VA 3 o 2/3( 2V
S o Gun) T ap TV G m DA CRe (R — )+ C(M)
2\/X 3 2\/X
< ——|91/3 123 (222 1 # 1)*3(=5 -1 M
< 48[ (n+ 1?5 )] T )T D+ O0)

1 2V
< —— 21/3 1 2/3 ava
96[ A

3
1)] +C(My).

The first line follows from the inequality —y +logy + 1 < —@ for1 <~y <2
( note from (6.42) that C# is independent of M;). In the second line, we use
the m0n0t0n1c1ty of (22 2VA _ 1)2 and of (2V/A — z)~! in the region n + 1 < z <
2V X — 5T ,3 (n+ 1)1/ 3. In the succeeding lines, we have used the changes of variables



LONGEST INCREASING SUBSEQUENCE 49

z =2V/\y, 1 —y = z and 2/Az%/2 = 5. For the last line, note that 2'/3(n +
1)2/3(% — 1) > My, and we require

(7.8) My > V96C#.

Remark : In estimating the sum in the second line of (7.7) by an integral, the
monotonicity of the integrand plays a crucial role : we cannot, for example, use an
estimate of the form (7.5), as the derivative is not sufficiently small.

2vA
For (2), we have 3% < 1+

cases (i), (ii) and (iii) show that

2My . .. .
ST (k1) Calculations similar to the previous

*° . C(M _
E log k2 (\) < |/2M 2sz££(y)dy| + 751/37) + Ce M < C(My).
- 7

2

The result follows by splitting the sum 2(2) into the following regions 2v/A —
M n+1)V3 <k+1<2VA+ X+ 1)V, 20+ HE(n+ 1)Y3 <k+1<3VA
and 3vVA < k+ 1 : we leave the detail to the reader.

Therefore, for 1 + MW < % <1+ d¢, we have

\ 3
(7.9) log ¢n(A) < —91—6 2'3(n + 1)”(3—{1 —-1)| +C(My)

For case (v), we use the estimation of [Jol] given in the Lemma 7.1 (v) below.

Summarizing, we have

Lemma 7.1. Let 0 < d5,d6,07 < 1 and My, Mg, M7 > 0 be fized number. Suppose
that 6, M5, Mg and My satisfy conditions (a),(b),(c) and (d) given at the beginning
of this Section, respectively. Set

2v/A

1 =21/3 1231 - =22
(7.10) ¢t (n+1)*%( —Y

2
1) so that VA ¢

=1- .
n+1 21/3(n 4+ 1)2/3
We have the following estimates for the large n behavior of ¢, (\) :
1L If0< 22 <16,

llog ¢n(N)| < Cexp(—cn),

for some constants C, ¢ which may depend on 5.
1 2V M,
2. If5 <30 < 1= s
[log ¢n()| < Cexp(—ct®?),

for constants C,c independent of Ms.

3. Ifl—Mﬁg%Sl+MW,sotﬁat—Mﬁgt§Ms, there is a

constant C(Mg) which depends on Mg, and a constant C which is independent
of Mg, such that

C(Ms)

ni/3

% i PII —1pg3/2
logén(h) = [ 2imf B ()| < e
t
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4. Ifl+MW§%§1+5&

108 6a (3) < ggt® +C(My),

for a constant C(My).
5. [Jo1] If 146, < 242,
$n(N) < Ce=r < Ce=om.

The really new results in this Lemma are (iii) and (iv). Indeed, (i) and (ii) can
also be obtained from (1.19), and as indicated, (v) is given in [Jol].

8. De-Poissonization Lemmas

In this section, we present two Lemmas which show that ¢,(N) is a good ap-
proximation of ¢, v = fn,n/N'.

We need a Lemma showing the monotonicity of g, n in N. The statement and
proof can be found in [Jol].

Lemma 8.1. For alln, N > 1,

Gn,N+1 < gn,N-

Using this monotonicity result, the following Tauberian-like “de-Poissonization”
Lemma can be proved. This is a modification of Lemma 2.5 in [Jol] and the proof
is the same.

Lemma 8.2. Let m > 0 be a fized real number. Set ,ugn) =N+@2ym+1+

1)/NlogN and Ill(vm) =N - (2ym+1+1)y/NlogN. Then there are constants
C = C(m) and Ny = No(m) such that

e . C
b (™) = == < gun < (W) + —

Nm — Nm
for N> Ng,0<n<N.

The reader will observe that the above Lemma is actually enough for all of our
future calculations. Nevertheless, for convenience and the purpose of illustration,
we use the following Lemma for the convergence of moments.

Lemma 8.3. There exists C > 0 such that
dn,N < C¢n(N - \/N), 1- qn,N < C(l - ¢H(N + \/N))

for all sufficient large N, 0 <n < N.
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Proof. Note that g, y > 0. Using Lemma 8.1 and Stirling’s formula for sufficiently
large N, we have from (1.11),

2 e VNN — /NN

1=0
S e~ N-VN)(N — /N)N
- (NI)' Qn,N’

N'>N—-+/N
> gn,N i e (VYM(N — VNN
= Yn,
N'>N—+/N (N)!
N —(N—\/N)(N _ \/N)N’ N
e _ N’
> Can,N Z (N)N+1/2¢—N' =Can,N Z eI,
N'>N—+/N N'>N—+/N

where f(z) = —(N — V/N) + zlog(N — V/N) + 2 — (z + 1) logz. One can easily
check that f(z) is a decreasing function for > (N — v/N). Thus
$n(N = VN) > CgpnVNe! V) = Cgy, yeVNTN108A-1VN) > 0g,

for sufficiently large N, 0 <n < N.
For the second inequality, note that g, v < 1 by definition. Again, using
Lemma 8.1 and Stirling’s formula for sufficiently large NV,

o0 67(N+\/N)(N+\/N)N,

1= 6a(N+ V) = 3 = (1= gn)
N'=0 ( )
N+VN
>C(l=gun) 3. /™)
N'=N

where g(z) = —(N +VN) + zlog(N + vV N) +z — (z + }) logz. One can check that
for N <2 < N + /N, ¢g"(z) < 0 so that min g(z) = min(g(N),g(N + VN)). If

N is sufficiently large, min(g(N), g(N + v/N)) = g(N + VN) = —3log(N + VN).
Therefore

1= ¢u(N +VN) > C(1 = gux)VNe!™N > O(1 = gp,),
for sufficiently large N, 0 <n < N. O

9. Proofs of main Theorems

In this Section, we prove the main Theorems.

Proof of Theorem 1.1 Assume for definiteness that ¢ < 0. For t > 0, the
calculation is similar. From the definition of g, n = flf‘\’,—’!",

In —2VN
(9-1) Fn(t) = Prob(W < 1) = Qo Npeni/o],N-

Set
n =[2VN +tN'/9).
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As t is fixed, observe that 0 <n < N, as N — oco. Using Lemma 8.2 with any fixed
value of m > 0, we have

my _ C my . C
(") = 5 S FN (D) < $uvN”) + 5
Set
u(m)
tn =23 (n +1)23(1 - X5 ).

n+1
(cf. the definition of ¢ in (7.10).) Then, for all large N,

1
2t <ty < =t, and lim tx =t.
2 N—oo
Let Mg > 2|t| be any sufficiently large, fixed number satisfying condition (¢) in

Lemma 7.1. Using Lemma 7.1 (iii), we have, for some constant C(Mg) which
depends on Mg, and a constant C' which is independent of Mg,

<. 1 1,82
¢n(ﬂ§\7rn)) = exp (/ 2szg(y)dy> (1 + OMS(W) + O(e™ 1 Ms ))
tn
Taking N — oo, and then taking Mg — oo, we obtain,
o
Jim g (u”) = exp ( / 2im{’,££<y)dy).
— 00 t
For qﬁn(yj(vm)), we obtain the same limit by a similar calculation,
o
Jimn 0 A7) = exp( [ 2imt )y
— 00 t
Thus, recalling -£2i(m{'7);(z) = u?(x) in (2.18), integration by parts yields

. In —2/n ® . pII
A}gnoo Prob(W < t) = exp (/t 2img 2 (y)dy ) = F(1).

Proof of Theorem 1.2 Integrating by parts,

oo

0 (o)
]EN(Xﬁ)z/ tmdFN(t)z—/_ mtm_lFN(t)dt+/0 mt™ (1 — Fn(t))dt

—0o0

where Fy(t) = Prob(ll"ilz/‘s/ﬁ < t ) as in Theorem 1.1. From Theorem 1.1, we
have pointwise convergence of Fy(t) to F(t). We need uniform control of Fy for
large N. Let M > 0 be a sufficiently large, fixed number and 0 < § < % be a fixed,
sufficiently small number.

Set n = [2¢/N + tN'/8]. First consider the case when t < —M. If t < —2N1/3
then Fy(t) = Prob(ly < 2v/N + tN'/8) < Prob(ly < 0) =0. For —2N'/3 < ¢ <
—M, (9.1) and Lemma 8.3 yield

(9.2) Fn(t) = gn,v < Con(N — VN).
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If —2N'/3 <t < —2(5N1/3 when N is sufficiently large,

9 / L)l/2 2\/_(1 _ é) 5
> >1+4 =
n+1 2\/_+tN1/6+1_2(1— VN +1 2
Thus, using Lemma 7.1 (v), for large N,
9.3) $n(N —VN) < Ce™N < Cet”.
If —26N'/3 <t < —M,
2 2VN <1426

n+ 1 S 2N —20VN ©
and, using the monotonicity of (2v/A — z)/2'/3 as a function of z < 2v/),
91/3 (2\/ (n+1 )
(n+ 1)1/3

(2N YR M0y

Z (2\/__MN1/6+1)1/3 - 2

as N — oco. Thus, we have for —26N1/3 <t < —M,
M 2v/N —V/N

213 +1)22 —  n+1

<1426

Therefore, from Lemma 7.1 (iv), provided & satisfies condition (d) and 26 satisfies
condition (a),

1 2
94) (N —VN) chexp(_%(Ql/s( L YN - VN NN 1))3).
On the other hand, using the monotonicity of (2v/A — z)/2'/3 as a function of

z < 2\/_
o1/ (2\/ (n+1 )
(n+ 1)1/3
21/3(2\/_( 1 )1/2 (2\/N+tN1/6+1)> ot
- (2\/_+tN1/6+1)1/3 -2
for all —20N'/3 <t < —M, as N — co. Therefore (9.4) gives us

9 6 (N = V) < O(M) exp(t")

for —20N'/3 <t < —M.
Inserting the above estimates (9.3) and (9.5) into (9.2), we obtain

(9.6) Fyx(t) < C(M)e®  for —2NY3 <t < —M,

and as Fy(t) = 0 for t < —2N'/3_ it follows by the dominated convergence theorem
that

0 0
(9.7) lim mt™ L (t)dt = / mt™ L F(t)dt.

N—oo J_
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Now consider the case when t > M. If t > N5/6 — 2N'/3 then 1 — Fn(t) =
1—Prob(ly <2V/N+tN'/%) <1—Prob(ly > N) =0. For M <t < N3/6 _2N1/3,
again, (9.1) and Lemma 8.3 yield

(9.8) 1— Fy(t) =1~ gy < C(1— ¢n(N + VN)).
If 26N'/3 <t < N5/6 —2N'/3 when N is sufficiently large,
2v/N(1+ ¢
2N+\/N< \/_(+4)<1 §

ntl ~2/N+2yN~ 2
Thus, using Lemma 7.1 (i),
(99) 1= ¢o(N +VN) < Ce=" < CemVN < Ce=t™".

If M <t<25N'/3 similar calculations to the case —26N1/3 <t < —M yield

1 2V N ++VN iM
-<1-20 ———— <1 — ——=———.
2~ - n+1 - 21/3(n + 1)2/3

Therefore, from Lemma 7.1 (ii), as N — oo,

(9.10) 1—¢p(N —VN) <exp (_6(21/3(n + 12301 — %»3/2))7

provided M satisfies condition (d). However, as in the case —20N'/3 <t < —M,
we have

1/6 1 y1/2
gy ((n+1) =2 N+ VN S gi/o (2VN +¢NY8) —2/N(1 + J<) ot
(n+1)1/3 = (2m+tN1/6)1/3 =9’
for all M <t < 20N'/3, as N — co. Therefore (9.10) gives us
(9.11) 1— ¢n(N —VN) < Cexp(—ct®?)

for M <t < 25N'/3.
Inserting the above estimates (9.9) and (9.11) into (9.8), we obtain for M < ¢ <

N5/6 _9oN1/3

(9.12) 1— Fn(t) <Ce

—ct3/8

as N — oo. Once again, as 1 — Fx(t) = 0 for t > N%/6 — 2N'/3 it follows by the
dominated convergence theorem that

o

(9.13) lim mt™ (1 — Fy(t))dt = /Oo mt™ (1 = F(t))dt.

N—oo /g

APPENDIX A.

As advertised in the Introduction, in this Appendix we give a new derivation of
the formula

— \VFn(n
(A1) Z TJ\:() = det(dj—r)o<jk<n—1;
N=0 ’
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where d; = (2m)7! f027r exp(2v/A cos 8 — i56)dh, and Fx(n) is the distribution func-
tion for the length, £x (), of the longest increasing subsequence in the random
permutation 7 from Sy. We set Fy(0) = 1.

Let p = (g1, 2, -, 4r,0,0,...), p1 > p2 > ..., be a partition of N, i.e. p;,
1 < j < r, are positive integers and N = py + --- + pp; we write p = N. With p
we can associate a Young diagram, also denoted by p, in the standard way, see for
example [Sa]. In the Young diagram there are p; boxes in the j : th row. If we
insert the numbers 1,..., N in the boxes in such a way that the numbers in every
row and column are increasing we get a (standard) Young tableau t; ¢ has shape
u, s(t) = p. Let r(u) denote the number of rows in p.

Schensted, [Sc], has constructed a certain bijection, the Schensted correspon-
dence, between the permutation group Sy and pairs of Young tableaux (t,t') with
the same shape s(t) = s(t') = pu, where g = N. This correspondence has the prop-
erty that if Sy 3 7 — (¢, '), u = s(t), then £ (7) equals the length, u, of the first
row in g, and the length, ¢\ (), of the longest decreasing subsequence in 7 equals
r(u), the number of rows in u. For details see [Sa].

If we put the uniform probability distribution on Sy then clearly the random
variables £ and £ have the same distribution (just reverse the permutation). Let
f(u) denote the number of Young tableaux with shape p. Then, by the Schensted
correspondence,

(A.2) FN(”)=% S fw?

Y pkN
r(u)<n

If we set hj = pj+r—j, r = r(u), we have the following formula, due to Frobenius
and Young,

(A.3) fwy =N [ (hi—hy) W

1<i<j<r i=1
see for example [Si]. Note that N = >="_, pj = >°7_ hj—r(r—1)/2and hj_1~h; =
tj—1 — pj +1 > 1. Combining the formulas (A.2) and (A.3) we get

(A4) N'Z 1D AR H

27
=" (%) ]1(1')

where the (x) means that we sum over all different integers h; > 1 such that
> hj = N+r(r—1)/2,and A(h) = [[,;;(h; —h;) is the Vandermonde determinant.
That we can remove the ordering of the h;’s in (A .4) follows from symmetry under
permutation of hy,...,h,. The constraint )~ h; = N +r(r — 1)/2 is removed by
the Poissonization

(A.5) e™? Z —FN =e M1+ i ATT=D2 L ()],

r—1
where
Z A(h
heZ’ j=1

We have used the fact that ) h; > 14 ---4+7r=7r(r—1)/24 7 and N > r, since
the h;’s are different integers. The condition that the h;’s are different can then
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be removed since otherwise A(h) = 0. Observe that H,()) is a Hankel determinant
with respect to the discrete measure

Am
V({m}) = (m!)z’ m € Z+7

see [Sz1], i.e.
oo ) ™
H,(\) = det(mz_1 m’+kW)05j,kgr—1-

If g;, j > 0, are any polynomials with degg; = j and leading coefficient 1, row and
column operations on the determinant gives

o0 Am
(A.6) H,()) = det( ) g;(m)a (m)W)OSJ‘,kgr—l-
m=1 :
We now make a particular choice of g;, g;(z) = z(z —1)...(z—(j —1)),if j > 1
and go(z) = 1, so that
i@
da’l
The elements in the Hankel determinants can then be written
> A ed dR SN a™b™
A. ; L gt il
(A-8) mz_lqﬂ(m)q’“ (m) mn? = VY Gai d 2= (ml)?

m m

(A7) o/ Sa™ = g;(m)a™, m,j> 0.

— 6;00k0-
a=b=v\

Now,

[e’s} 2
Z L(lm?)rz _ QL/ eaew-i-be_wdg
m! T Jo

m=0

and hence we can perform the differentiations in (A.8) and get

%) A .
> 4;(m)gx(m) 2 NGO 4 — 8506k,
m=1 :

where d;_j, = (2m) ! f027r exp(2v/A cosf — i(j — k)B)df. Inserting this identity into
the formula (A.6) yields

(A.9) H,\N =X0"Y2D.—D, 1), r>1,

where D, is the Toeplitz determinant det(d;_x)o<j,k<r—1 and Dy = 1. Hence, using
the formula (A.5), we get ¢,(\) = e~*D,,, which is what we wanted to prove.

In the remaining part of this appendix we will give a heuristic argument showing
why we can expect the random variable £ (7) to behave like the largest eigenvalue
of a random hermitian matrix. From our considerations above we see that

Fr(n) = =7 3 f()”

uEN
p1<n

By the same computations as above this leads to

(A.10) dn(N) = e M1+ i AU E (A5 )],

r=1
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where
Bam=2 Y am[[
riAT) = o ] (hJ')2
he{l,...,n+r—1}" j=1

Note that H.(A\;n) / H.(X) as n — oo. We can think of
(A.11)

71 A(h)2 ﬁ A" = 1 6_2 Yicjlog |hi_hj|_1+zj[(1°g Ahj+2log(h;!)]

rlH,.(\) (hih?  rlH.(N)

j=1
as the probability of the configuration h € Z’. This probability has the form of a
discrete Coulomb gas on Z at inverse temperature S = 2 confined by an external
potential. An N x N random hermitian matrix with a probability density of the
form Zy"' exp(—Tr V(M)) has an eigenvalue density

L S tog oy TS, V(e

ZNn
with € RV; 21,..., 2 are the eigenvalues of M. Thus we can think of the h; ;s
as some kind of “eigenvalues”.

Let
P.(A\;n) = Hp(\n)/H. (A),
i.e. P.(A;n) is the probability that the largest “eigenvalue” is < m +r — 1. Then,
by (A.9) and (A.10),

(A.12)
$n(\) =€ M1+ ) P.(\sn)(Dr — D 1)l =€ > + > Pr(Xn) (6 (N) — ¢ 1(N)).

r=1 r=1
Now, the essential contribution to the right-hand side of (A.12) comes from r around
2v/) since otherwise ¢,.(A\) — ¢p_1()\) is very small. Thus

Pn(A) & Py 5 (Asm),
i.e. ¢n(N) is like the probability that the largest “eigenvalue” in the discrete
Coulomb gas (A.11) is < n + 2V/\.
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